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EXECUTIVE SUMMARY 

Why research the development of a flood forecasting model ? 

Flood forecasting has become an increasing necessity in South Africa, because as the 
population puts more pressure on the land near waterways for habitation, business and 
recreation there is a greater potential for loss of life and damage to property. Therefore 
catchment and disaster managers need to be armed with tools which work well to yield 
timeous, reliable and useful forecasts of floods in urban and rural areas. 

In an urban environment, short reaction times (of the order of one hour) are typical. Flood 
forecasting in this situation requires a robust model, operating at small timesteps. Existing 
raingauge networks do not provide real time rainfall information and lack sufficient spatial 
detail. Weather radar provides a promising tool with high resolution real time information 
on rain rates. The combination of an efficient catchment model with the real time radar data 
provides an attractive way of providing flood warnings for disaster management in urban 
situations. 

What were the aims of the research and were they achieved? 

The aims in the original proposal were: 

• To devise a computer based streamflow forecasting model shell to accept satellite radar 
and raingauge data as input 

• Incorporate a facility to accept real time streamflow data to update forecasts 
• Make the model shell available to practitioners 
• To incorporate the String of Beads Model (SBM) for simulating expected rainfall. 
• To train young engineers to Masters level to build capacity in flood forecasting 

These have all been achieved, except that the satellite data have not yet come on stream 
from the SIMAR (K5/1153) project. The model shell has now been installed in the Umgeni 
Water offices in Pietermaritzburg and is about to find its way into the Flood management 
centre of Durban Metro Water under a follow-on contract K5/1217 “Umgeni Nowcasting 
using Radar”. Scott Sinclair, who was the researcher involved in the project at the 
University of Natal’s Civil Engineering Programme, has submitted his Masters thesis and is 
now working with Umgeni Water implementing the next phase of development of a flood 
forecasting system. The SBM is an integral part of the modelling process, and will be used 
in forecast mode to anticipate the short term (up to an hour) rainfall fields. 

How does one buy time? 

From the time that the rainfall hits the ground there is a delay before the water travels over 
the ground and enters the stream or drain which channels it to the point of concern. There is 
another delay while the flow in the channel builds up and travel down towards the problem 
point. The total time lag on a small catchment (10 km2) may be in the order of an hour 
while, on a large catchment (5000 km2) one might find up to 10 hours delay. To take 
advantage of this opportunity to provide advance warning one needs to find out how much 
rain is arriving now and where. 
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What is the radar for? 

The weather radar gives an almost instantaneous picture of where the rain is falling in fine 
detail over a large area. By contrast, raingauges give accurate at-a-point measurements but 
are not useful for spatial estimation except over a long period of time (such as a month or a 
year). They are a poor substitute for the radar information but are necessary for checking 
the radar measurements over a long period of accumulation (a week or a month). They are 
only useful for flood forecasting if they telemeter the information instantaneously (it is no 
good experiencing a flood and then reading the raingauges the following day to find out 
how much it rained, unless one is doing analysis). 

The advantage of the radar in forecasting is that one knows in detail where it is and, equally 
important, where it is not raining. This means that with weather radar cover on a catchment 
one has detailed information about where the rain is falling so its progress through the 
catchment can be predicted and then tracked by stream gauges. 

How do we improve the streamflow forecasts? 

There are two approaches to improving forecasting ability. The first is to make more 
refined models with more intensive measurements to improve the estimates. The second is 
to improve the information collection instrumentation for both rainfall and streamflows and 
telemeter their measurements instantly to the flood control room. This up-to-the-minute 
information allows the model estimates to be continually adjusted to improve the future 
forecasts. A combination of these two approaches will give the best results mindful of the 
need for relatively fast and straightforward computational procedures which the decision 
makers can trust.  

Can one get a forecast of the rainfall? 

It is possible to get good 10 minute to 30 minute forecasts of rainfall amounts and locations 
on a 1km grid from a sequence of radar images which are usually 5 minutes apart. This is 
done by exploiting the time and space dependence in rainfall fields which is explicitly 
modelled by the String of Beads model (Pegram and Clothier, 1999) in forecast mode. By 
the time one forecasts to 2 hours ahead using statistical methods the forecasts deteriorate in 
accuracy. However from the viewpoint of a coastal city like Durban there is great benefit in 
being able to “see” (with a radar) what is coming in from the sea where there are no 
raingauges, especially if that is the prevailing direction from which the weather arrives. An 
extra half-hour bought is a possible saving of life. 

Why emphasize the linear model formulation? 

The complexity of modelling a non-linear process like rainfall-runoff conversion by any 
means is difficult and approximate. The more complex the model the more unwieldy the 
model fitting process. This is amply demonstrated in the report where a generated rainfall-
runoff process (from a known model) is used to generate a sequence of flows and the model 
parameters are re-estimated and compared with the originals. It is shown that the more 
complex the definition, the less precise the outcome. When it comes to a natural catchment 
where there are gross approximations used in the modelling, then the fitting of any model is 
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fraught with difficulty and the larger the number of parameters, the less precise their 
estimation. 

By contrast with more “physically based” models, the linear transfer function approach has 
the advantage that although we know it is an approximate model, it captures most of the 
important characteristics of the rainfall-runoff process - storage, losses, delays, topography 
etc. The linear construct has the particular beauty of being relatively fast and simple to 
apply. 

Why is the linear model good for forecasting? 

The most important quality of the forecast is its accuracy. Expressed another way, the 
estimate of future flows may be made with great precision but unless one knows how good 
the estimate is, it is relatively useless. 

There are two approaches to obtaining an idea of how good the forecast of the future is. The 
first is to make a single estimate of the trajectory of future flows coupled with an error 
bound calculated from the structure of the model. The second approach is to forecast many 
possible future trajectories, allowing for reasonable variations in the estimates to give a 
collection of forecasts which encompass the possible future. The approaches are equivalent. 
However, the second approach is appropriate for the linear transfer function model which 
lends itself to fast computation, enabling many possible future scenarios to be obtained 
economically. 

What is new about the approach adopted in this project? 

The important contributions arising from this project include the implementation of a 
theoretical cell-based model where each cell (or sub-catchment) is modelled by a 3-
component linear storage element. This 3-component storage element is a generalization of 
an earlier 2-component model but includes an important addition, namely a loss function 
which accounts for the large amount of evapotranspiration loss experienced in Southern 
African catchments. 

The flexibility of the formulation allows the model to be fitted to a variety of catchments 
and the model’s linearity permits a robust parameter estimation method - the Metropolis 
algorithm - to achieve good results. It turns out that on-line forecasting can be done in two 
modes, rapid parameter updating (because of the simple structure of the model) and 
straightforward adjustment of the forecast errors, which two modes can be beneficially 
combined. The model has great potential in operational applications. 

What were the main results of this project ? 

In summary, therefore, the main results of this project were, the refinement of a linear 
transfer function model which, in operation, is very fast, readily updateable, robust in 
calibration and exploits the data dense information from weather radar measurements to 
maximize the advantage of forecasting future flows in problem rivers. 
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What of Capacity Building? 

This research was conducted in the Civil Engineering Programme of the University of 
Natal in Durban, in whose final year class of 46 in 2001, a mixed group of students can be 
found. The classification of the class is 5 Black (1 woman), 17 Indian (2 women) and 24 
White (2 women). One of the final year dissertations in 2001 involves flood forecasting 
(undertaken by one of the women students who intends to stay on for a Masters next year) – 
a prospect that was not feasible 4 years ago. There are other spin-offs which feed other 
WRC research contracts, in particular Flood Nowcasting in the Umgeni (K5/1217), recently 
commenced. 

What of Technology Transfer? 

The research outputs from this contract include: 

Pegram GGS, and DS Sinclair, (1999).  A Real Time Flow Forecasting Model: A 
Preliminary Report, 9th South African National Hydrology Symposium, University of the 
Western Cape, November. 
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CHAPTER 1 INTRODUCTION 

 1 

In this chapter the physical processes involved in the modelling of a catchment are 

introduced. The aim is to give an overview of the various modelling approaches available, 

and to explain the selection of the particular approach adopted in this study. A point to be 

highlighted is the major non-linearity in the loss processes. 

1.1 BACKGROUND 

The research reported here has been conducted with funding from the Water Research 

Commission (WRC). The study came about as a result of earlier WRC projects providing a 

facility for recording rainfall rates at high temporal (five minute intervals) and spatial (1 

km2) resolution, through the use of weather radar (e.g Mather et al., 1997). With the 

development of the “String of Beads” Rainfall Model (Pegram & Clothier, 1999; 2001); the 

extension of this technology to a real time flood forecasting application is an obvious way 

to gain new practical benefits from the products arising out of previous projects. A linear 

reservoir cell model is presented which is proposed as a good candidate for real time flood 

forecasting applications. The model is designed to be computationally efficient since it 

should be able to run on a P.C and must operate online in real time. The model parameters 

and forecasts can be easily updated in order to allow for a more accurate forecast based on 

real time observations of streamflow and rainfall.  

The final model, once calibrated, should be able to operate effectively without requiring 

highly skilled and knowledgeable operators. Thus it is hoped, by including short term (a 

few hours ahead) rainfall forecasts, to provide a tool which can be incorporated into an 

early warning system for mitigation of flood damage; giving water resources managers the 

extra lead-time to implement any contingency plans which may be necessary to ensure the 

safety of people and prevent damage to property. This can provide a particular benefit in 

the South African context due to the significant numbers of people who live in informal 

settlements often situated in flood prone areas. 

Fully distributed physically based and complex conceptual catchment models, using 

physical analogies, are computationally expensive (for flood forecasting) and have 

significant data requirements. The approach followed here has been to use a simple linear 

conceptual framework, to reduce the data requirements and maintain parsimony. The use of 

linear models for describing hydrological systems is not new, however the model presented 
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in this report departs from previous implementations. A particular departure is the method 

used in the conversion of observed to effective rainfall. The physical processes that result in 

the rainfall to runoff conversion are non-linear in nature. Most of the significant non-

linearity results from rainfall losses, which occur largely due to evaporation and human 

activity. The remaining rainfall is converted to runoff. These losses are particularly 

significant in the South African climate and in some regions may be as much as 70-90 % of 

the total observed rainfall. A loss parameter is an integral part of the model formulation and 

allows for losses to be dealt with directly. Thus, input to the model is observed rainfall and 

not the “effective” rainfall normally associated with conceptual catchment models. 

The model is formulated in Finite Difference form similar to an Auto Regressive Moving 

Average (ARMA) model; it is this formulation which provides the required computational 

efficiency. The ARMA equation is a discretely coincident form of the State-Space 

equations that govern the response of a conceptual arrangement of linear reservoirs. This 

results in a functional relationship between the reservoir response constants and the ARMA 

coefficients, which guarantees stationarity of the ARMA model. 

The three reservoir feed forward model is applied to the Liebenbergsvlei study catchment 

as a semi-distributed multi-cell model. The responses from each of the cells are linearly 

summed at the catchment outlet to produce the total catchment response. Good model fits 

to selected calibration events are achieved using Monte Carlo and Metropolis based 

automatic optimization routines. 

1.2 RAINFALL TO RUNOFF CONVERSION PROCESSES 

A successful catchment model must be able to reasonably duplicate two major hydrological 

processes occurring on the catchment. The first is the rainfall to runoff conversion process, 

which defines the proportion of rainfall to reach the channel. Some of the rainfall will be 

lost due to the effects of evaporation or other withdrawals, the remaining portion will reach 

the river via overland or subsurface flow, each of which has a different travel time to reach 

the channel. The second process, that of channel routing, takes place with the runoff being 

routed down the river, once it has entered the channel. The rainfall to runoff conversion 

process is non-linear in nature and it is this that proves to be the main difficulty in 
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streamflow modelling. Channel routing can be reasonably approximated as a linear process 

(Todini & Bossi, 1986), provided backwater effects are negligible. 

Several modelling approaches can be followed. The most natural would be to attempt to 

model the physical processes that are actually occurring on the catchment. To do so 

requires an understanding of a very complex system in great detail. Since this is an 

exceptionally difficult task a number of approximations are usually required in order to 

decrease the complexity of the problem. At the other end of the spectrum of models is a 

purely mathematical model. Transfer functions like the Instantaneous Unit Hydrograph 

perform a linear conversion of effective rainfall input to runoff, implicitly assuming that the 

conversion processes are time invariant for a particular catchment. Because a simple 

analysis of the physical processes will confirm that this is not actually the case, it is 

suggested that a compromise between physical and mathematically based modelling 

approaches could yield useful results while avoiding some complexity. This conceptual 

type of model attempts to linearize parts of the conversion and routing tasks while using 

some technique of introducing the required non-linearity into the system, where it is most 

needed. 

1.2.1 LOSS PROCESSES 

The volume of rainfall which reaches the channel, and when it arrives, depends on a 

number of things. When the rainfall impacts the surface of the catchment a proportion will 

infiltrate into the soil while the rest will become direct runoff flowing over the surface to 

reach the channel. The rate at which infiltration to the soil store can occur is dependent on 

the hydraulic conductivity of the soil as well as the degree of saturation. The hydraulic 

conductivity is a function of the soil type and does not vary with time but there is a large 

spatial (and some temporal) variability due to ground cover providing extra flow paths, 

through cracks and macro pores, other than those inherent in the soil structure. The 

catchment moisture condition varies considerably with time depending on the recent history 

of rainfall and other climatic conditions on the catchment. Therefore to determine the rate 

of infiltration as input to a physically based module requires a detailed knowledge of the 

soil types and corresponding moisture states on the catchment at any given time. 
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Once infiltration into the soil has occurred the water may travel to the channel as 

subsurface flow or more slowly as groundwater seepage. Water may either be taken up by 

the roots of plants and lost due to evapotranspiration or be lost due to direct evaporation 

from the upper layers of the soil and free water surfaces. 

When attempting to model a catchment using a physically based modelling approach, each 

of the above processes must be successfully modelled in order to determine what ends up in 

the channel. Infiltration models rely on determining the flow rate of water through a soil, 

this process can be described by Darcy’s equation (Darcy, 1856) 

dz
dHKq −=  

where q is the flow rate per unit area, K is the hydraulic conductivity and 
dz
dH  represents 

the difference in head along the direction of flow. This linear equation only applies to a 

saturated soil that is homogeneous and isotropic. 

Richard (1931) presented a general equation for unsteady unsaturated flow in three 

dimensions. Richard’s equation for one dimension is given as 

)( K
z

D
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+
∂
∂

∂
∂

=
∂
∂ θθ  

where θ  is the soil moisture content, t represents time and D is the soil water diffusivity. 

Two well-known infiltration models presented by Horton (1940) and Philip (1957) are 

approximate solutions to the one-dimensional form of Richards’s equation. The Green-

Ampt method (Green & Ampt, 1911) uses an approximation of the physical theory for 

which a direct analytical solution can be found. 

Taking these in turn, Horton’s equation (Horton, 1940) is: 
kt

cc effftf −−+= )()( 0  

where f(t) is the potential rate of infiltration, f0 is the initial potential rate, fc is the constant 

rate reached at equilibrium conditions, t is time and k is a decay constant. The potential 

infiltration rate can only be realized if there is sufficient water to pond at the soil surface. If 

the rate of precipitation is less than the infiltration potential, all rainfall will infiltrate until 

the potential infiltration rate has sufficiently reduced. When the rate of precipitation is 
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higher than the infiltration potential a small depth of water will accumulate at the soil 

surface; this condition is known as ponding. During ponding, the rate of infiltration is equal 

to the potential rate. 

Philip’s equation (Philip, 1957) is: 

KSttf +=
−

2
1

2
1)(  

The parameter S is called the sorptivity and K is the hydraulic conductivity. The potential 

cumulative infiltration can be found by integrating the rate over the required period. 

The Green-Ampt method first requires the solution of the cumulative infiltration F(t), the 

infiltration rate f(t) can then be calculated from F(t): 
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θψ )(1ln)( tFKttF  









+

∆
= 1

)(
)(

tF
Ktf θψ  

Where ψ is the soil suction head. The non-linear equation for F(t) needs to be solved 

numerically. 

The modelling of processes addressed in this report is at the catchment scale (based on pot-

sized laboratory scale samples used to derive the previous equations); lumping is therefore 

implied. The determination of infiltration allows the modeller to establish how much of the 

rainfall reaching the channel will arrive relatively soon after the rainfall event and therefore 

how much will arrive more slowly via baseflow, which loosely includes groundwater flow 

and return flow from deep soil layers. On large, relatively flat, catchments the overland 

flow component may need to be separately modelled as it could introduce a significant time 

lag between the occurrence of the rainfall and the water reaching the channel. Evaporation 

models may also be incorporated for the determination of further losses. However since the 

flood response on many catchments can be attributed mainly to the overland flow 

component, it is often assumed that the effective rainfall is that portion which does not 

infiltrate into the soil, but becomes direct runoff. It is this effective rainfall component that 

is the input to the transfer function models described in Chapter 2. The return flow to the 
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channel from the soil store (Figure 1.1) has a much slower response time and may often be 

ignored for the purposes of event based modelling. However, it should be taken into 

account in a continuous streamflow model. 

 

Figure 1.1: How observed rainfall is converted to total runoff 

The loss module of a typical catchment model is used to determine what volume of the 

observed rainfall is converted to effective rainfall; which must then be routed overland and 

along the channel. The remaining rainfall may be considered as a loss. The manner in 

which this loss component is determined and then removed from the observed rainfall 

sequence will have a significant effect on the arrival times and magnitudes of the (discrete) 

inputs to the routing module. The choice of loss model will therefore have a significant 

effect on the eventual streamflow outputs. 

Various types of loss models have been proposed historically, all of these are approximate, 

as the physical processes resulting in the losses are not clearly determinable. Following is a 

discussion of some of the more commonly used methods to determine the effective rainfall. 

The losses can be removed in several ways. Assuming that the bulk of the losses occurring 

are due to infiltration losses which decrease exponentially with time, an initial loss can be 

removed. The total volume of loss can be established by integrating the loss rate over the 

period of the rainfall event under consideration. In this case, the entire loss volume is 

removed from the beginning of the storm and the remaining rainfall is then the effective 

rain. Alternatively, a continuing loss approach can be used where losses are removed 
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throughout the event. The removal may be made at a constant rate or as a proportion of the 

recorded rainfall depth during each period. Combination initial-continuous or initial-

proportional loss models are sometimes used (Hill et al., 1998). These methods of loss 

removal are known as index types. 

Bras (1990) has suggested the following model 
)(

0
30)()( PAB

cc effftf +−−+=  

which is a modified Horton equation with A30 a 30 day antecedent precipitation index, fo 

and fc are as for Horton’s equation, P is the accumulated rainfall during the event under 

consideration and B is a parameter to be estimated for the catchment. The exponential 

decay term ensures that the bulk of the losses occur near the beginning of the storm, this 

corresponds with our understanding of the physical mechanisms producing the losses. 

The SCS method of loss determination may also be used but the parameters would need 

adjustment for local conditions as it is a semi-empirical method based on observations of 

catchments in the United States. The method is based on the assumption that the following 

equation holds 

a

ea

IP
P

S
F

−
=  

where Fa is the depth of precipitation which infiltrates after the initial abstraction Ia has 

been removed, S is a hypothetical “maximum retention” for the catchment, P is the total 

precipitation during the storm and Pe is the excess precipitation. Using continuity and the 

empirical relation Ia = mS it follows that 

SmP
mSPPe )1(

)( 2

−+
−

=     (1.1) 

where the coefficient m is a factor to be decided. The United States department of 

Agriculture suggests a value of 0.2 (NEH-4, 1972). Schmidt and Schulze (1987) suggest 

that this value is too high (for South African conditions) and recommend the use of 0.1 as a 

reasonable value. 
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A dimensionless curve number (for S in inches) is defined as 

S
CN

+
=

10
1000  

and tabulated values of these curve numbers for a variety of different soil types and 

antecedent moisture conditions are available. Once a curve number has been chosen from 

such a table, the value of S can be calculated. Equation 1.1 is then used to find the effective 

precipitation from a known value of P. The temporal distribution of the SCS abstractions 

could be determined using a combination initial-continuing loss method, computed at 

convenient discrete timesteps (Chow et al., 1988). 

1.2.2 OVERLAND FLOW AND CHANNEL ROUTING 

Overland flow refers to that portion of surface runoff which flows down flat sloping 

surfaces such as hillslopes, it can be considered distinct from flow along the small channels 

and rills which eventually join the main channel. The water is thought of as flowing across 

the surface in a shallow sheet, with the flow processes often dominated by viscous effects. 

General flow routing may be characterized as being either lumped or distributed. Lumped 

routing calculates flows at a particular position with respect to time while distributed 

routing calculates flows at a number of different positions along the flow path with respect 

to time. 

The attractiveness of lumped routing methods lies mainly in their simplicity when 

compared with distributed methods. Their basis is the equation of the conservation of mass 

and as such they are governed by the continuity equation 

dt
dStQtI =− )()(  

which, in the context of streamflow, states that the rate of change of storage in a river reach 

is equal to the difference between inflow and outflow from the reach. Three basic types of 

lumped routing methods are commonly used 

• Level pool routing assumes that the water surface is level throughout the reach and is 

generally used for routing flows through large reservoirs. 
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• Routing methods applicable to channels where a sloped surface profile is accounted for 

in the storage flow relationship. For example the Muskingum method (McCarthy, 

1938). 

• Linear systems described by convolution integrals such as the linear reservoir first 

introduced by Zoch (1934). 

In order to determine accurately the properties of a flood wave at positions of interest along 

the river reach, distributed routing methods can be employed, but are computationally 

expensive. The Saint-Venant equations for one-dimensional unsteady flow provide the full 

solution. The conservation of mass equation in differential form is 

0)(
=−

∂
∂

+
∂

∂ q
t
A

x
AV

 

with A representing the cross-sectional area, V the velocity, q is the lateral inflow, t time 

and x the distance along the channel centre-line. The equation of momentum conservation 

is 

00 =





 +−

∂
∂

+
∂
∂

+
∂
∂

fSS
x
yg

x
VV

t
V

 

with g the gravitational acceleration, y the depth of the water in the channel, S0 the bed 

slope and Sf the friction slope for the channel. No general analytical solutions to these 

equations have been found but they can be solved numerically. 

Approximate methods for routing flow down the channel have been developed, particularly 

before the advent and common use of computers for numerical computations. Most of these 

methods ignore or linearize some of the terms in the full equation in order to make it 

possible to find an analytical solution. 

The Kinematic wave equation ignores the local acceleration ( )tV ∂∂ , convective 

acceleration ( )xVV ∂∂  and pressure ( )xyg ∂∂  terms in the momentum equation reducing it 

to 

fSS =0  

The Kinematic form therefore makes the assumption that the gravity and friction forces 

balance each other and continuity is the only condition to be satisfied. This form only 

accounts for the effect of translation on the wave front. 
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The Diffusion wave model includes the pressure term in the momentum equation 

accounting for backwater effects as well as translation. The momentum equation for this 

type of model is given as 

00 =+−
∂
∂

fSS
x
y

 

1.3 PHYSICALLY BASED MODELS 

Physically based models attempt to reproduce the physical processes on the catchment, 

which produce the flows occurring in the channel. They are fully distributed models based 

on the partial differential equations describing catchment flow processes. Binley et al. 

(1989) list: 

“Models such as the Systeme Hydrologique Europèen (SHE) … and the Institute of 

Hydrology Distributed Model (IHDM)…” 

Such complex models require very detailed information on the current state and 

characteristics of the catchment. Data such as terrain information, vegetation type, soil type 

and properties as well as climatic variables are often required. The complexity of this type 

of model requires skilled operators and, often, significant computing resources to run 

properly. The advantage of complex physical models is that they result in an improved 

understanding of the processes involved in the production of streamflow. 

These catchment models are effectively equivalent to semi-distributed conceptual models in 

the sense that they are lumped at the grid scale and as such not spatially continuous. Large 

increases in the number of grid points will increase the complexity and data requirements of 

the model but will not necessarily provide significant improvements in the accuracy of the 

output. 

The spatial resolution of the model will also have an effect on model parameterization. 

Bevan (1989) showed that the expected variance in parameter estimates actually decreases 

with increasing grid size. This suggests that increasing the spatial resolution could 

introduce difficulties in calibration of the model, and provides an argument supporting 

spatially lumped modelling techniques. Also noted by Bevan is the fact that the governing 

equations for the physical processes being modelled are based on homogeneous systems at 
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very small scales. It is not clearly known whether these equations are still relevant at grid 

resolutions with spatially averaged parameters. 

1.4 MATHEMATICAL MODELS 

Mathematically based streamflow models may be either deterministic, attempting to 

reproduce the flows actually observed, or Stochastic, reproducing a set of flows having the 

same statistical properties as historically observed flow records. Each of these may be 

useful for flood prediction. A stochastically based model can predict the most likely future 

flows conditioned on the current flows. This simply takes into account what has happened 

in the past and hence infers what may happen in the future; it does not attempt to reproduce 

that which actually will happen. A deterministic model uses some kind of functional 

relationship between rainfall inputs and streamflow outputs to try to predict the future flows 

which will actually occur. An example of a stochastic model would be a time series model 

where the model parameters to be estimated are auto-regressive and/or moving average 

components. 

1.5 CONCEPTUAL MODELS 

Conceptual catchment models use the concepts of physical models and apply mathematical 

techniques to reduce the complexity while retaining the characteristics of the physical 

processes which produce streamflow. An example of a simple conceptual model is the abc 

model (Fiering, 1967). It is a 4 parameter state based annual streamflow model with only 

one storage element and is represented schematically in Figure 1.2. The model proportions 

the precipitation input, accumulated in an interval, into three parts. These are Baseflow 

recharge (given by aPt) which moves to a groundwater storage, the second component is an 

evapotranspiration loss which is removed from the system (given by bPt) and the 

Quickflow portion which contributes directly to streamflow (given as (1-a-b)Pt). The 

groundwater storage contributes a proportion to the total streamflow so that 

Qt = (1-a-b)Pt + cSt-1 

where    St = St-1 + aPt – cSt-1 
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Figure 1.2 : Schematic of the abc model 

 

Figure 1.3: Example input sequence to the abc model 

 

Figure 1.4: Generated flow responses from the abc model 
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Figure 1.4 illustrates the effect of the loss term in the abc model. The response of the model 

to a randomly generated sequence of pulses, between zero and ten units (Figure 1.3), is 

plotted for two separate values of the loss parameter b. The other two parameters are fixed. 

There is a clear reduction in the magnitude of the streamflow (as expected) for the case 

where the loss parameter is used. In addition, there is a slight smoothing effect which is not 

just an artifact of the difference in scale between the two sequences. It appears to come 

from the fact that a relatively larger proportion of the rainfall is routed through the storage. 

The abc model uses simple formulations for each of the major processes occurring to 

produce a streamflow estimate. Combinations of linear reservoirs (such as the cell models 

to be introduced in Chapter 2) may also be used to represent certain physical components of 

the catchment such as groundwater storage and surface runoff. Many conceptual 

arrangements can be used. Some successful conceptual models are more complex. 

Examples of such models are TOPMODEL and the ARNO (Todini, 1996) model. A basic 

description of TOPMODEL is given below. 

TOPMODEL can be viewed as a simplified aquifer model (AFORISM, 1996). The soil 

moisture accounting module keeps a record of the depth of the watertable. The depth is 

expressed in terms of the amount of water needed to bring the watertable to the surface. If 

the watertable reaches the surface in a particular grid square, then that area is considered to 

be temporarily impervious and all rainfall input to the area (other than that lost through 

evapotranspiration or interception storage) becomes runoff. The soil storage is initialized by 

assuming that the catchment has experienced a long dry spell. The initial depth of the 

watertable can then be calculated from the streamflow, because there is no direct runoff 

occurring. The streamflow in the channel is composed of direct runoff from the temporarily 

impervious areas and lateral inflow from the soil storage. Routing of the flow down the 

channel is achieved using a Kinematic or Parabolic (Franchini et al., 1996) scheme. 

TOPMODEL can be parsimoniously described by three parameters and a topological index 

(Franchini et al., 1996). 
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Summary: 

The major physical processes involved in the conversion of rainfall to runoff process have 

been presented and briefly discussed. A number of different modelling paradigms have 

been compared and the notion of linear transfer functions (to be expanded on in Chapter 2) 

has been introduced. It is a conceptual transfer function type of catchment model, which 

will be focussed upon in the remainder of the text. The loss component, which is part of the 

abc model discussed in this chapter, becomes an integral part of the catchment model 

formulated in Appendix A and applied in Chapter 3. 
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The modelling strategy adopted in this study was based on the choice of a linear transfer 

function approach rather than a physically based catchment model. This choice was made 

in the interests of parsimony as the larger number of parameters often associated with 

physical models can be difficult to estimate. Jakeman & Hornberger (1993) provide many 

examples from hydrological literature supporting this premise and according to Bevan 

(1989): 

“There is a great danger of overparameterization if it is attempted to simulate all 

hydrological processes thought to be relevant, and fit those parameters by optimization 

against an observed discharge record…It appears that three to five parameters should be 

sufficient to reproduce most of the information in a hydrological record.” 

Transfer functions also have reduced data requirements, for calibration, when compared 

with physical models; records of rainfall and subsequent streamflow are sufficient. In this 

case, where online updating will require improving estimates of the parameters in real time 

to reduce differences between forecast and observed flows it is important that the model be 

computationally efficient. A conceptual model based on a linear transfer function approach 

possesses reduced catchment data collection requirements, has an advantage over 

physically based models in terms of the number of parameters required and is 

computationally highly efficient. 

These ideas will be extended with the introduction of a particular type of linear model, the 

Linear Reservoir. Effective conceptual catchment models can be designed from 

combinations of linear reservoirs arranged in series or parallel. The response functions for 

individual reservoirs can be defined in terms of exponential IRF’s from which outputs can 

be easily calculated. The responses from various combinations of reservoirs are also well 

known, and in many cases can be represented exactly by a gamma function or in a 

difference equation form. The response functions are based on the continuity relation, 

meaning that the input to these models must be the effective rainfall (from the model’s point 

of view) for the catchment. The losses must therefore be separately determined. 
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2.1 SYSTEM RESPONSE FUNCTIONS 

The response of a linear system to various types of input can be characterized by its 

response functions. These are the Pulse, Step and Impulse responses. For an input of a unit 

volume at a rate of 1/d over a finite period d the system output is the d period unit pulse 

response. The system response to any number of pulses can be found by a convolution of 

the input pulses with the impulse response function or discretely by numerical convolution 

with the discrete unit pulse response. The input must however be at constant rates over 

intervals of d. The step response function is simply an accumulation of the ordinates of a 

constant pulse response of a unit rate and must therefore reach a maximum value of unity. 

The usefulness of the step response function is in deriving pulse responses for different 

period pulses. An impulse response function characterizes the response of a system to a unit 

input occurring in an infinitesimally short space of time. Figure 2.1 (Chow et al., 1988 : 

p209) illustrates these different response functions for a single linear reservoir with a 

storage constant of 3 time units and a pulse input length of 2 time units. The equations 

governing the linear reservoir’s response will be developed later in Sections 2.4 and 2.5. 
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Figure 2.1 : Response functions for a linear reservoir (after Chow et al., 1988) 

2.2 IDENTIFICATION OF RESPONSE FUNCTIONS 

The calculation of system outputs using the convolution equation relies on having some 

knowledge of the system’s response function. Identification of this response function is 

therefore an important aspect of the modelling procedure. The classical approach is: given 

an appropriate input (effective rainfall) and the specification of a linear transfer function 

model, it is computationally straightforward to obtain the output (Direct Runoff) via 

convolution. However the difficulty lies in finding a suitable transfer function model for the 

catchment based on historical observations of rainfall and runoff. The problem of model 

identification is one of deconvolution. If the system were truly linear, the input and output 

known, and error free, then the determination of a unique pulse response function is 

straightforward. 

This could be done in several ways. The most obvious is to solve the set of convolution 

equations simultaneously in reverse to obtain the values of the pulse response function. Let 

rt and qt , t = 1, 2,…,n respectively be the (known) sequence of pulsed input to and the 

instantaneous records of output from the linear system described in discrete form by hk ; k 

= 0, 1,…, p, the System Operation Function (Dooge, 1973 : p10) or Transfer Function 
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For the situation where t > p the upper limit of the summation is set equal to p since the 

unit pulse response has a finite length, after which all it’s ordinates are zero. The idea is 

then to find the coefficients of ht. However to reverse this calculation procedure (a 

procedure often called deconvolution) is inherently numerically unstable. The coefficients 

of ht must be non-negative in order to satisfy physical constraints since a positive input 

cannot result in a negative flow response. The measurement errors encountered in real data, 

along with the non-linearity inherent in the system, invariably result in negative coefficients 

being produced in ht when derived by deconvolution. 

2.2.1 TRANSFORM METHODS 

Transform methods (e.g. Fourier or Laplace) can be used to determine the pulse response 

function. A suitable transform is found for which the deconvolution equivalent in the 

transformed space is a simple operation. Hence the transform of the pulse response can be 

easily found and back transformed to find the actual pulse response. 

This can be accomplished using (for example) the Fourier Transform as follows : 

If )(sH and )(sR are respectively the Transfer Function (in the frequency domain) and the 

(Fourier) Transform of the input sequence, then )(ˆ sQ , the estimate of the Transformed 

output (assuming that )(sH is known) is given as 

)()()(ˆ sHsRsQ =  

Alternatively if )(sH is not known, we can (theoretically) obtain )(sQ from the observed 

output and find 

)()()(ˆ sRsQsH =  

This can then be back-transformed to obtain )(ˆ th . This is of course all well known (Dooge, 

1973). 
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Investigations of transform methods making use of the Fast Fourier Transform did not 

produce satisfactory results, because of the instabilities alluded to above. An example of a 

Transfer Function (TF) found in this way is shown in Figure 2.2, also shown is the input 

and output. The rainfall and subsequent streamflow response were obtained from observed 

data on the Liebenbergsvlei. The oscillations clearly shown in the tail, of the derived 

transfer function, are typically produced from this kind of analysis. This is the numerical 

instability commonly encountered in numerical deconvolution and differentiation. Note that 

the area under the transfer function in Figure 2.2 is ≈ 0.3. This is the ratio of the total output 

to the total input, giving an idea of the proportion of observed rainfall that becomes 

effective rainfall on the Liebenbergsvlei catchment. Trying to find a transfer function which 

relates input and output directly, as was done here, complicates the situation since the 

transfer function is required to do two things; first it must convert observed to effective 

rainfall and second it must convert this effective rainfall into direct runoff. It may prove 

beneficial to perform these conversions in two separate steps. 
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Figure 2.2: Transfer Function found making use of Fast Fourier Transforms 

2.3 THE INSTANTANEOUS UNIT HYDROGRAPH 

The Unit Hydrograph was first presented by Sherman (1932), and is defined as the direct 

runoff hydrograph resulting from a unit depth of excess precipitation occurring over a finite 

time period. It is catchment specific and must be defined in terms of the storm duration 

from which it was derived (Chow et al., 1988). It is fairly easy to see that the unit 

hydrograph is actually equivalent to a discrete pulse response function for the catchment. 
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The Unit Hydrograph requires that the following assumptions hold for the catchment of 

concern 

• The properties of the catchment are time invariant. This implies that for any identical 

storms the runoff response of the catchment will be identical. This property does not 

hold exactly, since the past rainfall history affects the wetness of the catchment and 

hence the proportion of runoff which will occur from a given storm. 

• The spatial distribution of rainfall over the catchment is uniform. This requirement will 

not hold even if the catchment is subdivided into small sub-areas. However, if the 

number of sub-areas is large enough, each may be treated this way. 

• The rainfall intensity during the storm remains constant during each discrete interval. 

This is not true. However, if the time intervals are short enough, compared to the 

response time of the individual sub-areas, then this could be assumed to hold. 

• The principle of linear superposition holds. 

The IUH is equivalent to the impulse response of a catchment. It is a more general form 

than the unit hydrograph, since it can be applied to any combination of inputs. 

A derivative of the IUH is the Geomorphological Unit Hydrograph (Rodriguez-Iturbe & 

Valdes, 1979). The GUH theory attempts to make use of physical catchment characteristics 

such as stream-length and drainage patterns to establish what the IUH should be on 

previously ungauged catchments. Nash and Shamseldin (1998), in a recent review of the 

theory, suggest a relationship between the complexity of the drainage pattern and the 

skewness of the resulting IUH but conclude that this relationship is untested and that the 

scale of the IUH has not been determined from geomorphological attributes. They went on 

to show that a linear combination of Gamma functions could equally well substitute for the 

GUH. These are convolutions of exponential IRF’s which come from trees of cascades of 

linear reservoirs. They are strictly only applicable to direct runoff. This still leaves the 

problem of determining the effective rainfall input to the system. 
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2.4 RESPONSE FUNCTIONS OF LINEAR STORAGE ELEMENTS 

Each linear reservoir relates storage (S) to outflow (q) using the relation S = kq where k is a 

constant. The impulse, step and pulse response functions can be derived from this relation 

and the continuity equation: 

)()( tqtI
dt
dS

−=  

where I(t) is the continuous input as a function of time. 

Following the development of Chow et. al. (1988) the (unit) Impulse response u(t) of a 

single reservoir is thus found to be  
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The Step response g(t) is the response of the reservoir to a continuous input at a unit rate 

and is 
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The unit Pulse response function h(t) gives the response of the reservoir to an input of unit 

amount over a time period ∆t. This implies that the input is occurring at a constant intensity 

of 1/∆t during the time period from 0 to ∆t and is zero elsewhere. The pulse response 

function h(t) is 
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where r is a constant. Examples of these for k = 3 and ∆t = 2 are given in Figure 2.1. 

This treatment can be generalized so that a number of reservoirs can be combined in series 

or parallel to produce a suitable linear catchment model. The pulse response functions from 

the individual elemental storages are combined in a catchment model pulse response 

function, which may consist of a larger number of ordinates than the number of different 
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storage response parameters defining the model. There is thus a hidden structure in this 

type of model, as well as parsimony, with the distinct advantage that all the ordinates of 

h(k) are guaranteed non-negative. 

2.5 LINEAR RESERVOIR MODELS 

A number of different conceptual models making use of linear reservoirs have been 

proposed and used successfully. Formulations for various arrangements of reservoirs have 

been developed. Nash (1957) suggested that a catchment could be represented by a series of 

n linear reservoirs with identical storage constants k. The output from the catchment is the 

convolution of the input to the last reservoir in the chain with its impulse response function. 

Since the input to this reservoir is given by the impulse response of the previous reservoir 

in the chain, it is clear that the total impulse response of all the reservoirs is the result of n 

successive convolutions of the reservoir response function. The resulting general impulse 

response function for this arrangement is 
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The function u(t) is the gamma probability distribution function. Γ(n) is the gamma 

function; its values can be read from standard tables. Γ(n) is equivalent to (n-1)! for integer 

values of n. 
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Figure 2.3: Impulse response functions for a single reservoir and cascades of equal 
reservoirs (with k = 15 time periods). 

Figure 2.3 shows the effect on the system impulse response function, of routing inputs 

through a cascade of equal reservoirs. These are impulse responses for the Nash (1957) 

linear cascade shown in Figure 2.4. The most striking difference between the three IRF’s 

shown is the lag time which is introduced between the start of the response and the peak. 

For a single reservoir there is no time delay, with the reservoir instantly filled at time zero, 

the response begins immediately. The peak response occurs at the time when the last 

reservoir in the chain has its maximum storage, hence the peak response for the case of a 

single reservoir is at time zero. As more reservoirs are added to the series, the peak occurs 

later. There is also an attenuation effect as the number of reservoirs is increased. The 

magnitude of the peak is reduced and the mean length of the response (of significant 

magnitude, since the response is infinite) is increased with the number of reservoirs. By 

introducing a lag, and smoothing the input sequence, it is possible for realistic looking 

hydrographs to be produced when routing “noisy” rainfall inputs through arrangements of 

linear reservoirs. 
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Figure 2.4: The Linear cascade (Nash, 1957) 

Dooge (1959) presented a distributed input cascade model. This formulation was different 

from the Nash (1957) linear cascade in that it divided the total effective input equally 

between each reservoir in the chain. Figures 2.4 and 2.5 illustrate the difference between 

the linear cascade and the distributed input cascade. 

 

Figure 2.5: The Distributed input cascade (Dooge, 1959) 

Linear reservoirs can be used successfully to produce semi-distributed cell models (Pegram 

& Diskin, 1987a). This type of model treats the catchment to be modeled as a number of 

cells. Each cell is a sub-catchment of the larger catchment and the divisions are usually 

made along watershed boundaries. The individual cells are then treated as lumped models 

each represented by an arrangement of linear reservoirs. The input to each cell is usually 

the effective rainfall for that part of the catchment and the outputs of upstream cells. This 

implies that some kind of loss function or model is applied to the observed rainfall in order 

to calculate the effective precipitation. It is interesting to note that the distributed input 

cascade (Dooge, 1959) is in effect a cell model with a single reservoir to represent each cell 

and an assumption of a uniform rainfall distribution over the catchment (Pegram & Diskin, 

1987a). The inputs to each cell are the distributed rainfall input and the output from the 

upstream reservoir. A similar cell model presented by Diskin & Simpson (1978) consists of 

a cascade of pairs of unequal reservoirs. In this model, each cell could receive a different 
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rainfall input, equal to the effective rainfall occurring over its area. Laurenson (1964) 

presented a cell model with a cascade of non-linear storages, each receiving as input the 

rainfall excess for the cell and the output from the upstream cell. Pegram & Diskin (1987a) 

cite a model (Diskin, 1984) in which the channel input to each cell is routed through a 

single reservoir and the rainfall input through a pair of unequal reservoirs. The combined 

output from these is then the channel input to the next cell in the series. 

The Manifold cell model (Pegram & Diskin, 1987a, b and c) is similar to a distributed input 

cascade with the precipitation input to each cell first routed through a single reservoir. Each 

cell can be thought of as having a surface runoff element and a channel routing element. 

The surface element for each cell receives a portion of the distributed input for the 

catchment. The resulting output from the surface element is then routed by a channel 

element, which has a response parameter proportional to the distance of the cell from the 

catchment outlet. The response parameter for the surface element is assumed constant 

throughout the catchment, but the input to each cell is scaled by the proportion of its area to 

the total catchment area. 

 

Figure 2.6: The Manifold cell model (Pegram & Diskin, 1987a) 
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Summary: 

This chapter introduced the concept of a linear transfer function and it’s uses for 

determining the streamflow from a catchment. The system response function can be used as 

part of a parsimonious conceptual catchment model, with convolution equations providing 

a (computationally efficient) procedure for calculating the system output from a given 

sequence of inputs. These ideas were extended with the introduction of a particular type of 

linear model, the Linear Reservoir.  

Effective conceptual catchment models can be designed from combinations of linear 

reservoirs arranged in series or parallel. The response functions for individual reservoirs 

are defined in terms of exponential IRF’s from which outputs can be easily calculated. The 

responses from various combinations of reservoirs are also well known, and in many cases 

can be represented exactly by a gamma function or in a difference equation form. The 

response functions are based on the continuity relation, meaning that the input to these 

models must be the effective rainfall (from the model’s point of view) for the catchment. The 

losses must therefore be separately determined. 

Linear reservoirs can be used to develop semi-distributed cell models. The individual cells 

are treated as lumped areas modeled by an arrangement of linear reservoirs. The 

parsimonious structure of this kind of model is attractive when parameter fitting processes 

are considered. In Chapter 3, the ideas presented by the Manifold model will be extended 

to a 3 reservoir feed-forward model that is semi-distributed in nature, the full derivation of 

this model is presented in Appendix A. 
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The practical application of the linear reservoir model introduced in Chapter 2 and 

developed in Appendix A is applied to a well-instrumented catchment. The study was 

carried out using rainfall and streamflow data for the Liebenbergsvlei test catchment near 

Bethlehem. Precipitation data were obtained from the South African Weather Bureau’s 

(SAWB) Meteorological Systems and Technology (METSYS) team based at Bethlehem, 

while flow data from the two streamgauges on the catchment were obtained from the 

Department of Water Affairs and Forestry (DWAF). A description of the study catchment 

and the model’s application is provided. The issue of spatial distribution in rainfall is also 

discussed. The catchment was subdivided into a number of cells (sub-catchments) each of 

which received a separate rainfall input, found using the Image masking technique. Outputs 

from each cell are linearly summed to produce the total catchment output. A comparison is 

made between this semi-distributed cell model and the Manifold model of Pegram & Diskin 

(1987a, b and c) 
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3.1 LIEBENBERGSVLEI 

The Liebenbergsvlei catchment is a subcatchment of the Vaal, situated near Bethlehem in 

the Free State Province. The portion used in the study covers an area of approximately 3600 

km2 and has a relatively gentle slope. The vegetation is predominantly dry thornveld with 

high levels of evapotranspiration. The catchment with its quaternary sub-catchment 

boundaries is shown in Figure 3.1. 

 
Figure 3.1: The portion of the Liebenbergsvlei catchment used in this study, showing the 

approximate position of the MRL5 radar. 

This catchment is in a fairly dry region of the country with an average annual rainfall total 

of 650 mm. It receives most of this precipitation during the summer season, which ranges 

from October to February. The mean annual runoff volume from this portion of the 

catchment for the twenty-one year period from 1978 up and including 1998 was 126x106 

m3. The equivalent average precipitation volume is 2412x106 m3. This suggests that on 

average there is a loss of more than 95 percent in the conversion from rainfall to runoff. 
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3.2 RADAR COVERAGE 

A mosaic of eleven weather radars provides partial coverage of South Africa. The wetter 

eastern portion of the country is relatively well covered by the radar mosaic. The data 

stream from each radar is connected to the METSYS offices at Witbanksfontein and the 

data is collected there in real time and archived in MDV (Meteorological Data Volume) 

format. The radars have an effective radius of operation of approximately 100 km. Outside 

of this range the accuracy of the data reduces significantly. Rain rates are calculated from 

the returned power by the METSYS software, using the Marshall-Palmer relationship 

(Marshall & Palmer, 1948) 
6.1200RZ =  

where R is the rain rate in mm/hr and Z is the returned power in DBz. 

Figure 3.2 shows the position and range of the radars, with the study catchment indicated. 

There is particularly good coverage of the Free State province, Kwa-Zulu Natal, Gauteng, 

Mpumalanga and the Northern province. These eastern and central regions are where the 

bulk of the country’s population lives. 

The SAWB’s MRL5 weather radar (Figure 3.3) to the Northwest of Bethlehem provides 

full coverage of the Liebenbergsvlei catchment, estimating real-time rain rates at a spatial 

resolution of 1 km2. The temporal resolution is at, approximately, five-minute intervals. 

The data from the radar’s full volume scans is stored in floating point precision by SAWB 

in the MDV format. The MDV files may then be converted to Windows bitmap images 

which provide both a visual and quantitative representation of the data field. In this way 

current and accurate estimates of precipitation are available which is of prime importance 

in flash flood prediction (Georgakakos, 1987). 
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Figure 3.2: Radar coverage of South Africa 

 

Figure 3.3: The MRL5 radar at Bethlehem 
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3.2.1 THE BITMAP IMAGE FORMAT 

The Bitmap image format is designed to store raster image data in a way that is independent 

of the manner in which specific hardware devices specify colour schemes. The file is 

formatted in the following way: Bitmap header->Bitmap information->Image Data. The 

file header contains an indicator that the file is in fact a bitmap as well as the size of the file 

and the size of the image data. The information section of the file contains details of the 

image size (in pixels), the image resolution (pixels/metre), the number of bits per pixel 

(used to determine the size of the colour palette) and the colour palette information; for 

more detail refer to Pegram & Clothier (1999). The image data is stored as a two 

dimensional array. Pixel values are stored row-wise from left to right and the rows are 

stored from bottom to top. This means that the origin of the data is at the bottom left hand 

corner of the image. When the image is viewed the colour represented by the value at each 

pixel is displayed in the appropriate position. 

 

Figure 3.4: Schematic representation of the bitmap file format 

3.2.2 DATA REPRESENTATION 

The MDV format radar data were viewed and processed in the form of bitmap images. The 

instantaneous rain rate at a height of two kilometres above the level of the radar is 

represented by the colour on each pixel of the image. Each CAPPI (Constant Altitude Plan 

Position Indicator) bitmap has a resolution at which 1 pixel represents 1 km2. The chosen 

256-colour palette uses a logarithmically distributed colour sequence to display an integer 
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range of rainfall rates between 0 and 100 mm/hr. Figure 3.5 shows an example of a CAPPI 

displayed using this colour palette and the rain rates indicated by the pixel values. This 

image shows many convective rainfall clusters with a number of very intense storm cells 

(indicated by the red and black areas). The ground clutter in the lower right hand corner of 

the image is caused by the Maluti mountains. This image was recorded at 14:22 on the 5th 

of October 1998. 

 

 

Figure 3.5: A CAPPI bitmap showing the colour palette and associated rain rates 

3.3 RAINGAUGE NETWORK 

The Liebenbergsvlei catchment is covered by a nearly rectangular network of 45 tipping 

bucket raingauges, of which 36 are situated on the portion of the catchment under study 

(Figure 3.6). The gauges are on a grid spacing of roughly 10 km by 10 km. A data logger is 

attached to each gauge and records the date, time, event count and various flags for each tip 

event. The gauges record 0.2 mm of rain per tip which means that the logger’s memory can 

record 510 mm of rain since there is enough storage for 2550 events (Terblanche et. al, 

1997). 

The data obtained from METSYS contained a record of the tips, as recorded by the data 

loggers, for each of the gauges on the catchment. A computer program was written which 

searches through these records and accumulates the hourly rainfall depth for each gauge. 

Hours not experiencing any tips were filled with zero records. 
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The raingauge network is considered suitably regular in nature to allow for a simple mean 

of the gauges to be used as the average rainfall field; rather than using an areally weighted 

average, such as that obtained from Thiessen polygons, or more sophisticated interpolation 

algorithms making use of techniques such as multiquadrics to fit the optimal surface to the 

data. This is because these methods would have given nearly equal weight to each gauge 

with much more effort. The average rain depth was therefore taken to be the mean of the 

depths recorded by each gauge for any given time period. 

 

Figure 3.6: Approximate positioning of the Liebenbergsvlei rain-gauge network on the six 
Quaternary sub-catchments. 

3.4 STREAMFLOW MEASUREMENT AND LOSSES 

Streamflow data for the catchment under study were obtained from DWAF. A 

streamgauging weir is situated at the catchment outlet and the records are available as 

breakpoint streamflow data. The data were not recorded at regular discrete intervals, 

making it difficult to use. A computer program was written to calculate the streamflow at 

regular intervals. A linear interpolation was used between the data points and the entire 

streamflow record was treated in this way. 

For the cell model developed in Appendix A losses are defined as that proportion of 

observed rainfall which is not converted to streamflow at the catchment outlet. The 

magnitude of these losses from this catchment were calculated so that some idea of the loss 

proportion could be obtained. Losses occurring on an event were calculated for a number of 

events by comparing, volumetrically, the rainfall input to and the runoff from the 
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catchment. The loss proportions calculated in this way were in the range of 70 – 95 %, this 

means that most of the precipitation occurring on the catchment is lost before reaching the 

gauging station. For this reason, it was decided that a rainfall to runoff conversion model 

for this catchment would need a good method of removing losses to cope with this 

situation. 

3.5 SUB-CATCHMENT DIVISION 

The Liebenbergsvlei catchment was treated in one of two ways during the model fitting 

process, it was either lumped and treated as a single cell or it was divided into six cells 

using the quaternary sub-catchment boundaries (Midgley et al., 1994) shown in Figure 3.7. 

This sub-division was chosen in order to account for the spatial variability in rainfall and to 

provide versatility in the catchment model constrained by the topography and topology. 

The quaternary subcatchments were used since they are defined by their watershed 

boundaries and part of the precipitation occurring within each area must eventually 

contribute to streamflow at its channel outlet. Thus, the contributions from each quaternary 

catchment at the catchment outlet could be linearly summed to produce the total catchment 

response to a complex rainfield. 

3.5.1 SPATIAL DISTRIBUTION OF RAINFALL 

From preliminary investigations and observation of the radar image sequences, it is clear 

that variation in the spatial distribution of rainfall could, in some cases, be an important 

factor on this catchment due to its long narrow shape. The cusum (double mass) plots in 

Figure 3.8 illustrate this point. What these plots show is the hourly-accumulated rainfall 

totals over a month for a chosen gauge on the catchment plotted against the same 

accumulation for the rest. Gauges 6 and 30 were selected; their locations are shown in 

Figure 3.7. If rainfall were to occur uniformly across the entire catchment there would be a 

direct linear relationship between the total and individual accumulations. The plot for gauge 

6 initially shows no increase in the rainfall collected by the gauge while the total depth for 

the catchment is increasing significantly. The plot for gauge 30 does not exhibit this trend 

at this time, but shows a linear increase in depth in concert with the increase in total rainfall 

over the catchment. Later in the month this behaviour is reversed with gauge 30 showing no 
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increase while the accumulations for gauge 6 and the catchment as a whole (from 2300mm 

to 3000mm) are seen to increase. The double mass curve for each of these gauges is typical 

of other gauges in its vicinity. These observations clearly indicate the spatial variation in 

rainfall over the catchment, since the two gauges are far apart and nearby gauges show 

similar double mass plots. The reason for choosing a semi-distributed approach (by 

compartmentalizing the catchment) is to capture the essence of this spatial variation. 

 
Figure 3.7: Position of relevant gauges on the Liebenbergsvlei catchment 

 

Figure 3.8: Gauge accumulations for the month of October 1995 

3.5.2 IMAGE MASKING 

In order to determine the average rainfall occurring over each of the six quaternary 

subcatchment areas a computer program was written which could extract the relevant data 

from either the raingauge or radar data sets. The method followed was to use an appropriate 

template to “mask” the CAPPI images. Hourly accumulations of rainfall based on the rain 

rates occurring only over a particular sub-catchment area were then computed, allowing the 

spatial distribution of rainfall occurring over the catchment to be accounted for. The 

average hourly depth occurring over that area was calculated and output to a suitably 
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formatted text file. A more detailed description of the programming logic is contained in 

Appendix C of this document. 

 
Figure 3.8: Example of CAPPI masking, the sequence 1 – 12 in intensities and 13 – 15 in 

depths (all scaled in mm/hr) 

Figure 3.8 shows a numbered sequence of twelve CAPPI images, which span a period of 

one hour. Image 13 shows the accumulated depth of rainfall during the one hour period in 

millimetres. All the colours on the images are scaled in millimetres per hour. The remaining 

two images (14 & 15) are, respectively, the accumulated image with a masked region 

removed and the rainfall depths occurring over the masked area only. It is important to 

distinguish between the CAPPI’s on the left, which indicate the instantaneous rain rate (in 

mm/h), and the images on the right showing the integration of the CAPPI data over an hour, 

the average rain rate from each of the pixels in the 12 instantaneous images accumulated as 

a depth. 

All the CAPPI data were treated in this way. In cases where there were less than twelve 

images in an hour the best estimate of the accumulated depth was made with whatever data 

were available. This entire process was automated so that long runs of images could be 

accumulated and masked over each of the six quaternary sub-catchment masks. 
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The masks themselves were defined as bitmap images. The quaternary catchment 

boundaries were obtained from GIS data available as part of a WRC report (Midgley et al., 

1994). A high-resolution bitmap image was produced from the vector based GIS data using 

the Arcview software package. The various sub-catchments were then isolated and saved as 

separate images, each of which was scaled to the same (pixel: distance) resolution as the 

CAPPI’s. Each mask image was finally processed to position it correctly on a 200x200 

pixel resolution image. This was done to facilitate the masking procedure because the 

CAPPI’s were centered on an image of this size at a resolution of 1 pixel: 1 km2. 

3.6 SUPERPOSITION OF CELL OUTPUTS 

Each quaternary subcatchment is treated as a single cell modelled by a three reservoir 

model as specified in Appendix A. Each of the cells receives separate rainfall input 

sequences as determined by the masking procedure. The output from each of the cells is 

calculated using a single set of general catchment parameters which are scaled for each cell 

according to its physical characteristics (Diskin & Pegram, 1987c). These characteristics 

are an areal parameter and a channel parameter. The areal parameter is simply the area of 

the cell as a proportion of the total catchment area. The channel parameter is calculated as 

the ratio CL/TL, where CL is the distance along the longest collector of a particular cell to 

the stream-gauging station and TL is the longest of the distances calculated in this way. 

Physically the areal parameter allows scaling of the cells contribution to total streamflow 

since the sub-catchment area will be significant in determining the volume of rainfall input 

received and hence the runoff volume. The channel parameter allows a representation of the 

travel time associated with each cell. The cell with the longest travel distance along the 

channel will obviously have the ratio (CL/TL) equal to unity and the other cells will have 

ratios (and relative travel times) lower than this maximum travel time. 

As an example of how this parameter scaling was used; consider a form of the model where 

a single loss term is included and the removal made from the sub-surface linear reservoir 

(Figure 3.9). The delay parameters (maintaining the notation of Figure A.1, Appendix A) 

associated with each path are shown, they are scaled using the cell scaling parameters 

described above. The parameter k1 is scaled by the areal parameter; this is because it is 

considered to represent the groundwater recharge, which is largely proportional to the 
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surface area through which this infiltration can occur. The parameter k2 is scaled by the 

square root of the areal parameter, which can be thought to represent the average distance 

of overland flow to the channel. Similarly, k3 is scaled by the square root of the areal 

parameter since it can be conceptualized as representing the distance to the channel via 

groundwater seepage. The channel scaling parameter scales the channel flow parameter k4, 

as a longer channel should result in a longer response time. The loss parameter k6 is scaled 

by the areal parameter because the evapotranspiration losses can be considered to be 

proportional to the area of the cell under consideration. These scalings help to match the 

model to the gross physical features of the catchment, maintaining relative parsimony. 

 

Figure 3.9: Schematic of a 3 linear reservoir feed forward linear catchment model 

The streamflow contribution of each cell, at the catchment outlet, is linearly combined with 

the others to produce the total streamflow from the catchment. Figure 3.10 shows an 

example of this process. Each cell’s position is shown on the CAPPI and the contributions 

from cells C83A – C83F (each modelled as three linear reservoirs with a loss term as in 

Figure 3.9) are also shown. The combined streamflow at any time is simply the sum of the 

contributions from each cell. 
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Figure 3.10: Linear combination of cell outputs 

The similarities between the structure of this model and the Manifold cell model presented 

by Pegram & Diskin (1987a and c) should be noted. The Manifold model routes the 

distributed inputs to each cell through two reservoirs in series; the first has a response time 

which is assumed constant throughout the catchment irrespective of the size of the cell 

while the second has a response time which is proportional to the distance of the cell from 

the catchment outlet. These reservoirs can be conceived of as a surface runoff component 

and a channel element respectively. The model presented here is similar in the respect that 

it is also a feed forward model in which the input is routed by a channel element before 

being summed at the catchment outlet. The response time of the channel element is 

proportioned according to the distance along the channel from the catchment outlet. The 

differences are the third reservoir, representing a sub-surface flow response, and the loss 

components, which allow for the observed precipitation (rather than the computed effective 

precipitation) to be used as input to the model. 

Combined StreamflowCombined Streamflow

C83A

C83B

C83C

C83D

C83E

C83F



CHAPTER 3 APPLICATION OF THE RESERVOIR MODEL 

41 

Further differences occur in the manner in which the various reservoir response 

components are treated for each cell. The manifold model treats the surface runoff 

parameter as a constant for each cell through the catchment, and scales the input to the cell 

according to its relative area. This is not the case for the model presented here, as discussed 

earlier. 

Summary: 

The Liebenbergsvlei catchment has been described and has been used as a study catchment 

for the application of the linear reservoir model developed in Appendix A. The application 

of the linear reservoir cell model to the Liebenbergsvlei catchment has been discussed in 

detail. This Chapter also provided a description of the spatial masking technique applied to 

the CAPPI radar data. By masking the images an average rain rate over each cell is 

computed, allowing the model to account for the spatial distribution of rainfall discussed in 

Section 3.5.1. The catchment was sub-divided into six cells, each of which was modelled as 

an arrangement of three linear reservoirs (Appendix A). A single set of catchment 

parameters is used. These parameters are scaled according to the gross physical 

characteristics of a particular cell, and the response from the cell (at the catchment outlet) 

calculated. The flows from each cell are summed to produce the total flow from the 

catchment (Figure 3.10 and surrounding text). The semi-distributed structure of the model 

presented here is similar to the Manifold cell model described in Chapter 2 (Pegram & 

Diskin, 1987a). 
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This chapter presents the results of the parameter fitting algorithm described in Appendix 

A, when used to fit the three reservoir model to both synthetically derived and historically 

observed input/output sequences. The manufactured sequences were used as a check on the 

usefulness and accuracy of the fitting procedure. The model was then fitted to three 

observed flood events on the Liebenbergsvlei catchment (see Chapter 3 for a description of 

the catchment). Some conditional forecasts are also presented. A discussion on validation 

of the fitted model parameters concludes the Chapter. 

4.1 TESTING THE PARAMETER FITTING ALGORITHM 

Before embarking on an attempt to fit the general model to historical data from the study 

catchment, it was necessary to test the parameter fitting algorithm. This was done by 

generating artificial streamflow responses from the model in various configurations with 

known parameter values. The optimization routine described in Appendix A was then 

applied to the manufactured output sequences to recover the “unseen” parameters. A high 

degree of success is to be expected in recovering the parameter values, since the model is 

able to exactly match the response of the system which produced the output (this is not the 

case for rainfall and runoff observations on a real catchment). 

The rainfall input sequence shown in Figure 4.2 was used to produce flow sequences (100 

hours in length) from the model with fixed parameter values. There was no lag applied to 

the input sequence. The first model configuration tested was the collapsed form 

representing a single linear reservoir. The parameter values used are given in Table 4.1. 

The fit was carried out allowing k4 to be free and fixing the remaining parameter values at 

the values indicated in Table 4.1. Figure 4.1 shows the model configuration schematically. 

Parameter k1 k2 k3 k4 k5 k6 k7 

Value (hrs) 106 10-3 106 10 106 106 106 

Table 4.1: Parameter values for single reservoir representation 



CHAPTER 4 RESULTS 

43 

 

Figure 4.1: Schematic of “single reservoir” model configuration 

 

Figure 4.2: Artificial rainfall input sequence 

The resulting streamflow sequence and the best fitted estimate thereof are shown in Figure 

4.3. The scatter plot (Figure 4.4) indicates the areas of the parameter space where the 

minimum objective function value was found at each Monte Carlo iteration. Five thousand 

Monte Carlo iterations were carried out from random starting points in the parameter space 

with 500 iterations of the amebsa algorithm (Press et al., 1992) from each starting point. 

The processing time was approximately 25 seconds on a Pentium 350 MHz machine. 
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Figure 4.3: Streamflow responses for a single reservoir representation 

 

Figure 4.4: Plot showing the optimum parameter value of k4 at each Monte Carlo restart 

Figure 4.4 clearly shows the global minimum to be in the near vicinity of 10 hours, the 

value used to generate the sequence of flows. 

The artificial rainfall sequence shown in Figure 4.2 was used to generate flow sequences 

from representations of the model equivalent to cascades of two (Figure 4.5) and three 

(Figure 4.6) reservoirs, respectively. Table 4.2 gives the chosen values of each parameter. 
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Parameter k1 k2 k3 k4 k5 k6 k7 

2 reservoir cascade 106 15 106 10 106 106 106 

3 reservoir cascade 14 106 12 10 106 106 106 

Table 4.2: Parameter values for 2 and 3 reservoir cascades 

For each of these representations 5000 Monte Carlo iterations were carried out from 

random starting points in the parameter space with 500 iterations of the amebsa algorithm 

(Press et al., 1992) from each starting point. The processing time for the 2 reservoir cascade 

was approximately one minute on a Pentium 350 MHz machine. The time to fit the 3 

reservoir cascade was around five minutes. 

 

Figure 4.5: A “two reservoir cascade” configuration of the model 

 

Figure 4.6: A “three reservoir cascade” configuration of the model 
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Figure 4.7: Streamflow responses for a “2 reservoir cascade” 

 

Figure 4.8: Streamflow responses for a “3 reservoir cascade” 

Figure 4.9 shows the scatter plots generated from the fitting process for the model collapsed 
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fixed at the values indicated in Table 4.2. There are two obvious regions where distinct 

minima are found. An explanation for this phenomenon is the fact that the response from 

the cascade of two reservoirs (in series) for the case where k2 = 10 and k4 = 15 is the same 

as for the case when k2 = 15 and k4 = 10 (the order in which the reservoirs appear doesn’t 

affect the response). 
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Figure 4.9: Scatter plots for “2 reservoir cascade” 

The plots for the three reservoir cascade (Figure 4.10) show a similar situation to that 

experienced for the case of the two reservoir cascade. Each of the parameters can take on 

one of three “optimum” values (10, 12 or 14 hours). This is because the order in which the 

three reservoirs appear is not important, provided the input is routed through all three in 

succession. The circular collection of points (evident in the plot of k1 against k3 as well as 

the plot of k1 against k4) indicates the region where the global optimum is to be found. The 

other dense cluster of points on the plots is due to a local minimum, which may have 

trapped a standard gradient search routine.  
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Figure 4.10: Scatter plots for the “3 reservoir cascade” 
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A streamflow sequence using the full three reservoir feed forward model was also 

generated with selected parameter values (Table 4.3). All seven parameters were fitted with 

the global optimum giving a difference between generated and fitted output of 0.03 m3/s on 

average over 100 data points. The generated flows and fitted flows are shown in Figure 

4.11 below. 

Parameter k1 k2 k3 k4 k5 k6 k7 

Value (hrs) 14 19 12 10 23 14 26 

Table 4.3: Chosen parameter values for the full three reservoir model 

 

Figure 4.11: Streamflow responses for the full 3 reservoir model 
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Figure 4.12: Example scatter plot showing a clustering of points near the optimum 

The ability of the fitting process to accurately recover the parameter values for synthetically 

derived sequences (with the model in a number of different configurations) gives 

confidence for the fitting of parameters to observed sequences. The use of Monte Carlo 

techniques allows for a good investigation of the parameter space and provides many 

insights into the parameter relationships and the shape of the various surfaces. Situations 

such as that shown in Figure 4.10 and the surrounding text justify the application of Monte 

Carlo fitting techniques. 
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represented as six separate cells in a semi-distributed manner (Chapter 3). The results of the 

fits for each of these three events follow in chronological order. 

5.2.1 EVENT ONE –DECEMBER 1995 

Event one is 360 hours in length, starting on the 16th of December and ending on the 31st of 

December 1995. The maximum discharge of 242.6 m3/s was reached during the second of 

three main peaks. Figure 4.13 shows the precipitation input for this event. 

 

Figure 4.13: Rainfall series for December 1995 
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Figure 4.14: Observed and fitted streamflow for December 1995 
(single cell, single parameter set for the entire event) 
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Figure 4.15: Observed and fitted streamflow for December 1995 
(single cell, single parameter set for the entire event) 
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The fits are greatly improved by using the algorithm described in Appendix A. For the case 

where the catchment was treated as a single lumped cell (with separate parameters for each 

sub-event), the sum of squared differences between the observed and fitted flows sequences 

was 31 138 m6/s2 for a rainfall lag of five hours. This equates to an average difference 

between observed and fitted flows of 9.3 m3/s at each timestep, which is less than half the 

difference obtained by fitting for the entire event as a whole. The observed and fitted 

streamflows are plotted in Figure 4.16. Figure 4.17 gives plots for a range of lags. The best 

fit for event one when the catchment was sub-divided into six cells occurred for a rainfall 

lag of five hours. In this case the sum of squared differences (28 782.4 m6/s2) was slightly 

lower than for the case of a single cell. The average difference at each timestep was 

therefore 8.9 m3/s. Figures 4.18 and 4.19 show plots of the fitted and observed flows. 

 

Figure 4.16: Observed and fitted streamflow for December 1995 
(single cell, separate parameter set for each sub-event) 
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Figure 4.17: Observed and fitted streamflow for December 1995 
(single cell, separate parameter set for each sub-event) 
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Figure 4.18: Observed and fitted streamflow for December 1995 
(six cells, separate parameter set for each sub-event) 
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Figure 4.19: Observed and fitted streamflow for December 1995 
(six cells, separate parameter set for each sub-event) 
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The second event studied was a major flood event occurring between the 10th and 20th of 
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entering the Vaal dam was 4700 m3/s. Maximum outflow from the dam was reduced to 

2300 m3/s. This was achieved using rainfall information obtained from the MRL5 weather 

radar at Bethlehem. A flood routing model at the Department of Water Affairs was used to 
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dam in order to prevent overtopping of the wall and subsequent downstream flooding. The 

rainfall sequence generating this event is shown in Figure 4.20. 
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Figure 4.20: Rainfall sequence for February 1996 

The fit achieved when fitting a single set of parameters for the entire event is shown in 

Figure 4.21. The lowest value of the objective function (914 847 m6/s2) was found for a 

rainfall lag of nine hours. The average difference between observed and fitted flows over 

226 hours was 63.6 m3/s. The fits for a full range of rainfall lags are shown in Figure 4.22. 

 

Figure 4.21: Observed and fitted streamflow for February 1996 
(single cell, single parameter set for the entire event) 
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Figure 4.22: Observed and fitted streamflow for February 1996 
(single cell, single parameter set for the entire event) 

Lag 1

0

500

59700 64700 69700

Observed Fitted

Lag 2

0

500

59700 64700 69700

Observed Fitted

Lag 3

0

500

59700 64700 69700

Observed Fitted

Lag 5

0

500

59700 64700 69700

Observed Fitted

Lag 4

0

500

59700 64700 69700

Observed Fitted

Lag 6

0

500

59700 64700 69700

Observed Fitted

Lag 7

0

500

59700 64700 69700

Observed Fitted

Lag 9

0

500

59700 64700 69700

Observed Fitted

Lag 8

0

500

59700 64700 69700

Observed Fitted

Lag 0

0

500

59700 64700 69700

Observed Fitted



CHAPTER 4 RESULTS 

60 

 

Figure 4.23: Observed and fitted streamflow for December 1995 
(single cell, separate parameter set for each sub-event) 

When the sub-event fitting procedure was used the degree of fit was greatly improved, this 

visual improvement can be seen in Figures 4.23 and 4.25. When the catchment was treated 

as a single lumped cell, the value of the objective function was at a minimum (42 265 

m6/s2) for a rainfall lag of four hours. The average difference between observed and fitted 

flows was 13.8 m3/s. The objective function value with the catchment divided into six cells 

was 51 510 m6/s2, at a rainfall lag of three hours. The average difference between observed 

and fitted streamflows is therefore 15.1 m3/s. The fits over a range of lags are indicated in 

Figures 4.24 and 4.26. 

 

Figure 4.24: Observed and fitted streamflow for February 1996 
(six cells, separate parameter set for each sub-event) 
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Figure 4.25: Observed and fitted streamflow for February 1996 
(single cell, separate parameter set for each sub-event) 
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Figure 4.26: Observed and fitted streamflow for February 1996 
(six cells, separate parameter set for each sub-event) 
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4.2.3 EVENT THREE – NOVEMBER/DECEMBER 1998 

The third event for occurred between the 16th of November and the 7th of December 1998. 

The maximum discharge was 129 m3/s. Figure 4.27 shows the rainfall sequence that 

contributed to the streamflows. 

 

Figure 4.27: Rainfall sequence for November/December 1998 

The fit achieved when using a single set of parameters for the entire event was not very 

good at all. The minimum value of the objective function, at a lag of three hours, was 

319385 m6/s2. Over the 474 hour long event, this produces an average difference between 

observed and fitted streamflows of 26 m3/s. This average difference is twenty percent of the 

peak discharge. Figures 4.28 and 4.29 show plots of the fits achieved. 

Using the sub-event fitting algorithm makes a significant improvement in the fit. With the 
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and 4.32. 
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discharge. The results are shown in Figures 4.31 and 4.33. 
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Figure 4.28: Observed and fitted streamflow for November/December 1998 
(single cell, single parameter set for the entire event) 
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Figure 4.29: Observed and fitted streamflow for November/December 1998 
(single cell, single parameter set for the entire event) 
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Figure 4.30: Observed and fitted streamflow for November/December 1998 
(single cell, separate parameter set for each sub-event) 

 

 

Figure 4.31: Observed and fitted streamflow for November/December 1998 
(six cells, separate parameter set for each sub-event) 
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Figure 4.32: Observed and fitted streamflow for November/December 1998 
(single cell, separate parameter set for each sub-event) 
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Figure 4.33: Observed and fitted streamflow for November/December 1998 
(six cells, separate parameter set for each sub-event) 
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4.3 CONDITIONAL FORECASTS 

Forecasts of future streamflow can be made using parameters conditioned on current 

observations. Using a conditional forecasting technique such as this ensures that the 

parameters being used to produce estimates of the streamflow reflect the current moisture 

state of the catchment. The moisture condition of the catchment varies with time and has a 

significant effect on the system’s response to a given precipitation input. Figures 4.35 and 

4.36 show an example of streamflow estimation using conditional parameter sets for the 

February 1996 event. The seven reservoir response parameters were adjusted to produce the 

best fit (in a sum of squared differences sense) to various portions of the observed 

streamflow hydrograph. The resulting “forecasts” are the models response to the 

subsequently observed rainfall using the conditional parameter set. The plots show what 

flows the model would have predicted as the rainfall observations were received in real 

time. The fitted parameters are indicated in figure 4.37, with k5 being omitted as it 

maintains a constant value of 106 hours. The mean value of each parameter over this event 

is given in Table 4.4. 

Parameter k1 k2 k3 k4 k5 k6 k7 

Value (hrs) 5.78 238556.63 8.04 23.14 106 4.42 10645.20 

Table 4.4: Mean parameter values for the full three reservoir model 

Looking at the mean parameter values one can see that the flow paths associated with k2, k5 

and k7 are effectively blocked, since the corresponding response times are very long. The 

resulting model configuration is a 3 reservoir cascade with a loss from the second reservoir 

(Figure 4.34). 

Figure 4.34: A 3 reservoir cascade with loss from the second reservoir. 
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Figure 4.35: Conditional streamflow simulation with parameters fitted by minimizing the 
sum of squared differences on different portions of the flow record 
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Figure 4.36: Conditional streamflow simulation with parameters fitted by minimizing the 
sum of squared differences on different portions of the flow record 
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Figure 4.37: Parameters fitted by minimizing the sum of squared differences on different 
portions of the flow record 

k1 k2 

k3 k4 

k6 k7 

Minutes from the start of the year Minutes from the start of the year 

Minutes from the start of the year Minutes from the start of the year 

Minutes from the start of the year Minutes from the start of the year 

0

5

10

15

20

59700 64700 69700
238535
238540
238545
238550
238555
238560
238565
238570
238575
238580

59700 64700 69700

0

5

10

15

20

25

59700 64700 69700
0
5

10
15
20
25
30
35
40
45
50

59700 64700 69700

0

2

4

6

8

10

12

59700 64700 69700
10560
10580
10600
10620
10640
10660
10680
10700
10720
10740

59700 64700 69700



CHAPTER 4 RESULTS 

73 

Forecasting in the true sense of the word, implies that there is no prior knowledge of future 

inputs. Figures 4.40 and 4.41 indicate what forecasts of future flows are produced when 

there is no future information available. As would be expected; with no input, the reservoirs 

produce a streamflow recession draining according to the values of the response parameters 

and reservoir storages. Figure 4.38 is a “close up” view and shows that the forecast with no 

information into the future is actually quite good up to 2 hours ahead, after this the forecast 

is rather poor. 

 

Figure 4.38: Forecast deviation from observed streamflow values 

Figure 4.39 shows a similar “close up” and indicates that the model is able to produce a far 

better forecast when the parameters have been fitted on a recession. This is because the 

catchment behaves reasonably linearly on the recession as most of the non-linearity’s occur 

in the observed to effective rainfall conversion process (see Chapter 2). 
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Figure 4.39: Forecast deviation from observed streamflow values 
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Figure 4.40: Conditional forecasts made with no future knowledge 
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Figure 4.41: Conditional forecasts made with no future knowledge 
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4.4 MODEL VALIDATION 

Validation of the fitted model parameters, on data that wasn’t used in the calibration 

procedure, could not be carried out. The reason for this is that a single optimal parameter 

set could not be identified from the events analysed. Identification of such parameter set 

was made difficult by the availability of consistent rainfall data. For example, there is no 

radar data available for the later part of the event in February 1996, as the radar went down. 

Rainfall data from the logging raingauges was used in fitting this event. Conversely, for the 

event occurring during November and December 1998, only radar data were obtained. The 

use of two different input data sources cannot produce a sensible single parameter set. 

Another difficulty encountered was the conversion of the radar data storage format to the 

current MDV format, from late 1998 onwards. Rain rates stored using the old storage 

format do not seem to match those found using the MDV format, another source of 

difficulty in calibrating the model. The current consistent use of a single archiving format 

will hopefully ensure that calibration using later data sets will produce a more sensible 

result. The fact that the model fits are reasonably close to the observed streamflow record is 

encouraging. This indicates that the model has great flexibility. A further point to note is 

that since there is evidence of temporal variation in the parameters (which is expected due 

to the continually varying moisture state of the catchment) it is more beneficial to make use 

of recursive techniques for producing the optimal forecast. This allows for updating of the 

forecasts based on previous observations and current inputs. 
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Summary: 

The fitting procedure described in Appendix A has been used to recover the parameters 

from synthetically derived streamflow sequences. These sequences were produced with the 

model in a number of configurations. The fitted parameter sets have been shown to match 

the chosen parameters almost exactly, as expected. The Monte Carlo approach to 

parameter fitting has allowed insight into the behaviour of the parameters within the 

bounded parameter space. Three historical events have been used to calibrate the model 

parameters. Good fits, in terms of the least squares criterion, have been achieved. 

However, discrepancies in the data record have not allowed a single optimum parameter 

set to be identified. Validation of the model has not been adequately carried out. An 

alternative procedure making use of conditional forecasting is suggested. 
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The application of the model to a new catchment will naturally require a process of 

calibration. A calibration procedure for a gauged catchment is suggested. The factors to be 

considered include a decision on whether to sub-divide the catchment or treat it as a single 

lumped cell. The availability of radar data is also an important factor. It’s accuracy in 

reflecting the actual rain rates occurring is less important provided there is a defined 

linear relationship (not necessarily known) between the rain rates occurring and the rates 

reflected in the CAPPI data. The model parameters should still be able to convert this 

pseudo-rain rate into the observed streamflow response, as long as the radar is recording 

when it’s raining or not and if the relationship is reasonably linear. 

5.1 DATA REQUIREMENTS 

The presented model is only applicable to gauged catchments, since the calibration 

procedure to fit the model parameters requires some historical data. The advantage of using 

radar to establish the precipitation input is that the only gauging requirement is a 

streamgauge. If there are existing raingauges on the catchment then they can be used to 

supplement the rainfall measurements obtained from the radar. The great advantage of 

using radar is the spatial and temporal resolution that can be achieved (Chapter 3). This 

allows the spatial distribution of rainfall discussed in Chapter 3 to be incorporated into the 

model through catchment sub-division. 

The requirements for application of the model to a new catchment are 

• A telemetering streamgauge is available. This is necessary so that a data set for 

calibration of the model is provided. Real time forecasting utilizes online updating of 

streamflow estimates and will require up to date measurements of streamflow. 

• There is coverage of the catchment by weather radar. To provide the spatial and 

temporal rainfall input to the catchment. 

• Telemetering raingauges would be advantageous. This is not a strict requirement but 

additional input data is always helpful, especially if the radar fails for some reason. 

Some raingauges are needed to validate the radar accumulations, but data logging 

gauges are suitable for this. 
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5.2 A SUGGESTED CALIBRATION PROCEDURE 

Having established that the catchment meets the necessary requirements for application of 

the model to flood forecasting, the following calibration procedure is suggested 

• Extract a representative historical streamflow sequence at regular discrete timesteps. 

The timestep will be determined by the temporal resolution of available precipitation 

data and the expected time-scale of the catchment response. Depending on how the flow 

rate is measured and subsequently archived; some interpolation of streamflow values 

may be necessary to get flow data in the required format. 

• Determine the contributing precipitation inputs producing the streamflow. The 

catchment and sub-catchment boundaries will have to be established and used to mask 

the radar data. Accumulated rainfall over discrete intervals will then need to be 

calculated. If rain gauge data are available for the calibration data set, and the 

subsequent forecasting operation, then a suitable merged rainfield may be determined. 

• Examine the input and output data sets for consistency. Before embarking on the model 

calibration procedure, it is essential that some quality control be carried out on the data 

sets to minimize the effect of inconsistencies. Good calibration and verification of the 

model cannot be achieved with poor data sets. 

• Fit model parameters to observed data sets. Using the parameter fitting procedure 

described in Appendix A (or a suitable alternative) find the model configuration and 

corresponding parameter set which produces the best fit between the model output and 

observed streamflow. Treat the catchment as a single cell initially. 

• Verification of the parameter set. Use the fitted model configuration and parameter set 

to produce flow estimates from historical data not used in the determination of the 

parameters. Establish the “goodness” of the model fit to the observed data. If a 

satisfactory fit is achieved then the parameter set may be adopted for forecasting. If a 

satisfactory fit cannot be achieved, try fitting the parameters using more than one cell. 
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5.3 OPERATIONAL APPLICATION OF THE MODEL 

The purpose in developing this model has been to apply it in a flood forecasting 

application. Although the operational use of the model has not been fully tested, the 

following is envisaged. 

• Calibration of the model to the particular catchment. This involves carrying out the 

calibration procedure described in section 5.2 above, to fit representative parameters for 

the model. 

• Choose a starting point on the recently observed streamflow record. Select stable 

starting values for the model to ensure that the forecasting process starts suitably close 

to some observed streamflows. 

• Forecast future flows using the current rainfall inputs. Use the parameters found during 

the calibration procedure to forecast future flows using the difference equation form of 

the linear reservoir cell model. The latest rainfall inputs are obtained online from radar 

or telemetering raingauges. 

• Apply an online correction procedure. To ensure that there is a maintained 

correspondence between the forecast flows and the observed streamflow readings, as 

these become available, some kind of fast correction procedure will need to be applied. 

This may be as simple as replacing the forecast flows with the actually observed values 

at each timestep, ensuring that the forecast is proceeding from a feasible position. An 

online parameter updating procedure may also be employed. Such a parameter updating 

procedure would make use of a computationally efficient optimization algorithm to 

recompute an optimal parameter vector at each timestep. The parameter vector can be 

computed based on a fixed number of previous data. Each new optimization would be 

carried out using virtually the same information and good starting values, ensuring that 

computational load is not too great. Conditional forecasts based on the current 

catchment state can then be made. Optimal filtering techniques such as the Kalman 

filter may also be suitable for online updating of forecasts. 
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• Use the forecast flow values as a decision making tool. The forecasts will provide an 

indication as to whether or not flooding can be expected. Projected flows above a 

certain critical magnitude can be automatically reported to the relevant disaster 

management authorities. 

5.4 CONCLUSIONS 

This study has presented a generalized linear reservoir model module. The model can be 

conceptualized in terms of a surface, sub-surface and channel storage, each of which is 

represented by a linear storage element incorporating a linear loss term. The discrete 

observed rainfall depths, during a given time period, are inputs to the model. The inputs 

enter the first reservoir and feed forward into the remaining reservoirs, the output is the 

outflow from the final reservoir. 

Selecting extreme parameter values can create “open” (instantaneous transfer) or “closed” 

(no transfer) links between the various reservoirs. By varying which links are open or 

closed, the model can be collapsed to a number of reduced forms. This flexibility allows the 

model to operate in a number of permutations ranging from a single linear reservoir through 

cascades, or parallel arrangements, to the general model form. All of these may include 

various combinations of loss terms. 

The model a semi-distributed multi-cell type, with the study catchment being divided into a 

number of cells and the model outputs from each cell summed at the catchment outlet to 

give the total streamflow from the catchment (Chapter 3). Parameter fitting using an 

automatic optimization algorithm (Appendix A), produced encouraging correspondence 

between the observed and fitted streamflow records for three rainfall-runoff events of up to 

nineteen days in length (Chapter 4). 

The model has been formulated as a difference equation in ARMA form. It has a defined 

relationship between the reservoir response parameters and the ARMA coefficients, which 

guarantees stationarity. In this form, the model is highly computationally efficient. The 

input to the model comes from high-resolution space-time radar data, further enhancing its 

potential as a real time flood forecasting model. 
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The model formulation is unconditionally stable, allowing the parameter values to be 

chosen independently of each other. However, instability of the model, in pseudo-ARMA 

form, may result from a poor choice of initial flow values (Appendix A). This issue will 

need to be fully addressed before operational use can be made of the model, however, a 

sensible starting point for each sub-event is the upturn of the hydrograph. The full state-

space representation of the model does not produce any instability, provided the initial 

storages are positive. The ability of the model to represent many conceptual reservoir 

arrangements makes it a useful tool. 
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Discretely coincident difference equation forms of continuous linear models are a 

convenient way to handle the discrete nature of hydrological data because they have a 

small number of terms, and their formulation as a convolution lends itself to high speed 

computation. The difference equation forms derived here are similar in appearance to the 

Auto-Regressive Moving Average (ARMA) time series model described by Box and Jenkins 

(1970). However, there is a functional relationship between the linear reservoir parameters 

and the ARMA coefficients, which guarantees stationarity. The discretely coincident form 

for a general 3 reservoir feed forward cell model is derived and shown to collapse to a 

number of particular forms. The use of this model to represent a large catchment consisting 

of many cells is described in Chapter 3. 

The model parameter fitting process required the use of an optimization technique suitable 

for minimization of a function that may exhibit highly non-linear behaviour. Monte Carlo 

techniques are employed to ensure that a global minimum is found. A modified simplex 

search routine incorporating the Metropolis algorithm and using Monte Carlo techniques 

was used as the function minimization tool. A least squares fitting criterion was used as a 

measure of the “goodness” of fit between the observed and calculated hydrographs. 

A.1 DIFFERENCE EQUATIONS AND TIME SERIES ANALYSIS 

Various models for the analysis of discrete time series are described by Box and Jenkins 

(1970). These types of model had in fact been applied to Hydrology since the introduction 

of the unit hydrograph (Sherman, 1932), which is simply a linear filter transforming excess 

rainfall to direct runoff. The distinguishing feature being that the input to the Box-Jenkins 

ARMA-models is assumed to be white noise, whereas the input to the hydrological linear 

models is effective rainfall. Quimpo (1967) used a moving average model to generate daily 

streamflows and later (1971) showed that the autocorrelation function for white noise 

routed through a single linear reservoir is a first order autoregressive process. O’Connor 

(1976) showed that cascades of linear reservoirs could be modelled, in some cases, by 

autoregressive and ARMA models of the type described by Box and Jenkins. Earlier Spolia 

and Chander (1974) had introduced a similar ARMA formulation for cascades of reservoirs 

with the particular case of two reservoirs in series being presented in detail. They had also 

established that a structural relationship exists between the ARMA coefficients and the 
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reservoir parameters. Pegram (1980) derived an ARMA representation for a general multi-

layered multi-compartmental reservoir model, using a State-Space approach. He further 

estimated the effective input for the model from observed streamflow records. O’Connor 

(1982) provides a transfer function approach for determining the discretely coincident 

difference equation forms of continuous parametric models such as the Nash (1959) 

cascade. In their introduction of the manifold cell model, Diskin & Pegram (1987c) derived 

the discretely coincident pseudo-ARMA form for two unequal reservoirs in series. 

A.1.1 AUTOREGRESSIVE MODELS 

Autoregressive time series models make use of a linear combination of past values of the 

process, to be modelled, as a means of predicting future values. Following Box and Jenkins 

(1970) treatment, let zt-i for 0 ≤ i ≤ n be the sampled values of an assumed stationary 

Gaussian process at equally spaced temporal intervals. Further let yt-i be the deviations of 

the process from it’s (stationary) mean. The process may then be modelled as an 

Autoregressive process of order p, with the following form 

tptpttt ayyyy ++++= −−− φφφ ...2211  

Where the φj’s are the autoregressive weights and at is a random shock term. The shock 

term is drawn from a Normal distribution assumed to have zero mean and a variance which 

must be estimated from past observations of the process to be modelled. The introduction 

of the backward shift operator B, for which Byt = yt-1 and Biyt = yt-i, allows the AR model to 

be written in a more condensed form as 

tt ayB =)(φ  

where the AR operator is 
p

p BBBB φφφφ −−−−= ...1)( 2
21  

A.1.2 MOVING AVERAGE MODELS 

A moving average model defines the current value of a process as a linear combination of 

white noise shocks at. Thus a Moving Average model of order q is 

qtqtttt aaaay −−− −−−−= θθθ ...2211  
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where the moving average weights θi are not constrained to be positive nor sum to unity. 

As was the case for the Autoregressive model, we can define a Moving Average operator 
q

q BBBB θθθθ −−−−= ...1)( 2
21  

such that the Moving Average model may be written in a condensed form as 

tt aBy )(θ=  

A.1.3 COMBINED AUTOREGRESSIVE-MOVING AVERAGE MODELS 

The specification of a mixed Autoregressive Moving Average (ARMA) model is given as 

follows 

qtqtttptpttt aaaayyyy −−−−−− −−−−++++= θθθφφφ ...... 22112211  (A.1) 

This is an ARMA (p,q) process. It follows easily that equation A.1 can also be expressed in 

terms of the Autoregressive and Moving Average operators, defined earlier, giving the 

condensed form for a general ARMA model as 

tt aByB )()( θφ =  

Box and Jenkins (1970) also show that this form is equivalent to a transfer function model 

...2211 +++= −− tttot XvXvXvY  

where Yt is the response of a system to a sequence of inputs Xt, Xt-1, Xt-2…, and the weights 

v0, v1, v2… represent the impulse response function described in Chapter 2. 

A.2 DISCRETELY COINCIDENT DIFFERENCE EQUATION FORMS 

The discretely coincident form of a continuous model refers to a discrete model formulation 

that is exactly coincident with the continuous form, at discrete sample points (O’Connor, 

1982). In the particular case of linear cell models, the combinations of (continuous) 

exponentials, which define the pulse response functions of an arrangement of linear 

reservoirs, may be exactly represented at discrete timesteps by difference equations (Spolia 

& Chander, 1974; O’Connor, 1976; Pegram, 1980; O’Connor, 1982; Diskin & Pegram, 

1987; Jakeman & Hornberger, 1993). The form of these difference equations is similar in 

appearance to the ARMA time series models of Box and Jenkins (Equation A.1). The 

formulation is as follows 
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where the xt’s are the pulsed rainfall inputs to the model, τ represents the lag between the 

precipitation input and the time at which it produces a response from the model and yt is the 

resulting streamflow response. 

A.3 FORMULATION OF A MODEL FOR A SINGLE CATCHMENT CELL 

The feed forward cell model comprising three linear reservoirs, presented here differs from 

the specification of the cell models discussed in Chapter 2. The models previously 

mentioned are all conservative in nature, meaning that the volume of output must equal the 

volume of input, as no losses can occur in the system. The specification given here allows 

losses to occur from any or all of the linear reservoirs in the conceptual arrangement 

comprising each cell. Essentially this allows a single transfer function (in difference 

equation form) to represent the entire rainfall to streamflow conversion process. It is 

suggested that this approach is novel. 

The exponential nature of the reservoir pulse response function results in a loss removal 

which is also exponential. The majority of the loss models described in Chapter 1 have 

formulations that are based on an exponential decay term; these models attempt to mimic 

the physical processes of infiltration. It follows that allowing the losses to “drain” from the 

reservoirs is analogous, in some sense, to the physical processes of infiltration thought to be 

the major contributing factor to losses. In this approach, as in Fiering’s abc model (Fiering, 

1967), there is no need for a separate loss model to estimate the effective rainfall; input to 

the model is simply the observed (pulsed) rainfall at an appropriate lag. This extension to 

the linear modelling approach which has been a core element in this study, makes a useful 

addition to the modelling armoury. 

The discretely coincident ARMA formulation, for the general linear three reservoir feed 

forward model with losses (Figure A.1), is determined following Diskin and Pegram’s 

(1987c) treatment for a cascade of two unequal reservoirs, and was developed specifically 

for this study. 
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Figure A.1: A general linear 3 reservoir feed forward model with (possible) losses from 
each reservoir. 

The (continuous time) State-Space representation for the arrangement in Figure A.1 is 

given by the following set of differential equations 
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where )(tSi
&  is the time derivative of the storage in the i’th reservoir at time t , )(tSi  is the 

sequence of storage’s in the i’th reservoir, the ki’s are the response constants for each of the 

reservoirs and r(t-τ) is the lagged (by τ intervals) sequence of precipitation inputs to the 

system. The resulting streamflow y(t) is 
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To simplify notation, let a = 1/k1 , b = 1/k2 , c = 1/k3 , d = 1/k4 , e = 1/k5 , f = 1/k6 and 

g = 1/k7. The derivation of the extended model follows Diskin and Pegram (1987c) closely. 

State Equations : 
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)()( 3 tdSty =  

These equations can be written in matrix form, omitting the integer lag τ (for simplicity) 

)()()( trtAStS β+=&      (A.2) 

)()( tSCty T=       (A.3) 
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Solving equation A.2 for S(t) and substituting into equation A.3 yields 
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Now making the assumption of pulsed input rk and writing in a discrete form (introducing 

some new notation) 
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1 αβ α     (A.4) 

kkk rHGSS β+= −1       (A.5) 
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k
T

k SCy =        (A.6) 

Introducing the backward shift operator B where BSk = Sk-1 and BiSk = Sk-i allows equation 

A.5 to be rewritten as 

( ) kk rHSGBI β=−       (A.7) 

Combining equations A.6 and A.7 

( ) kk rHGBIy β1−−=      (A.8) 

Using the fact that 

( )
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)(1
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=− −  

equation A.8 becomes 

( ) ( ) k
T

k rHGBIadjCyGBI β−=−det    (A.9) 

Equation A.9 is in the form φ(B)yk = θ(B)rk i.e. in the form of a standard ARMA equation. 

We must now solve for the Autoregressive φ(B) and Moving Average θ(B) operators. 

To evaluate φ(B) note that tAeG ∆=  can be written as 1−∆= UUeG tD where 1−UDU is the 

canonical decomposition of A and D is the diagonal matrix of eigenvalues λi of A. 

The λi are the solutions to [ ] 0det =− AIλ where  
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solutions are λ1 = -(a+b+e), λ2 = -(c+f) and λ3 = -(d+g).    (A.10) 

It follows that the matrix tDeQ ∆= has only diagonal elements t
i

ieq ∆= λ  , so that we can 

now write 

1−= UQUG  
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One element in each column of U can be chosen arbitrarily (e.g Fraleigh & Beauregard, 

1990) 
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where v = (u31 – u21u32). We solve for the unknowns using the fact that [ ] 0=− ii uIA λ , 

where iu is the i’th column of U. By successively substituting the λi’s we can obtain the 

following solutions for the unknowns 

21
21 λλ −

=
au  

31

21
31 λλ −

+
=

cubu       (A.11) 

32
32 λλ −

=
cu  

Solving for G 
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where 

tebaeq ∆++−= )(
1  

tfceq ∆+−= )(
2        (A.12) 

tgdeq ∆+−= )(
3  

The Autoregressive operator φ(B) becomes 

)1)(1)(1()det()( 321 BqBqBqGBIB −−−=−=φ  
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To find H we note that the definite integral for the exponential of a matrix is given as 

( ) [ ]∫ −−∆−∆−−∆ −=
b

a

btattA UeeUDde 11αα    (A.13) 

where U and U-1 are as before and D-1 is the inverse of the diagonal matrix of λi’s. It 

follows from A.4, A.5 and A.13 that 

[ ] 11 −− −= UIQUDH  

Omitting the tedious algebra 
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Introducing some additional notation for simplification, the Moving Average operator θ(B) 

becomes 

βθ HGBIadjCB T )()( −=  

[ ] ( ) ( ) ( )[ ] [ ]{ }2
213132213132)( BqqqqqqBqqqqqqdB γδαγδαγδαθ −−++−+−+−−−=  
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where 

( )
1

131 1
λ

α −
=

qu  

( )
2

23221 1
λ

δ −
=

quu       (A.14) 

( )
3

3 1
λ

γ −
=

qv  

Finally the difference equation representation of the model is found by expanding equation 

A.9 and applying the AR and MA operators, this has similar form to an ARMA (3, 2) 

model 

22110332211 −−−−−−−− −−+++= τττ θθθφφφ kkkkkkk rrryyyy  (A.15) 

with 

3211 qqq ++=φ  

( )3132212 qqqqqq ++−=φ  

3213 qqq=φ  

( )dγδαθ −−=0  

( ) ( ) ( )[ ]dqqqqqq 2131321 +−+−+= γδαθ  

( )dqqqqqq 2131322 γδαθ −−−=  

where qi for i = 1, 2, 3 are (See equation A.12) given as: 

tebaeq ∆++−= )(
1  

tfceq ∆+−= )(
2  

tgdeq ∆+−= )(
3  

and where α, δ and γ are given above in A.14. Where u21, u31, u32 and v are (Equation A.11) 

given as 

21
21 λλ −

=
au  
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31

21
31 λλ −

+
=

cubu  

32
32 λλ −

=
cu  

( )322131 uuuv −=  

and, finally, λi for i = 1, 2, 3 are given as in A.10 : 

λ1 = -(a+b+e) 

λ2 = -(c+f) 

λ3 = -(d+g) 

The coefficients φi and θi are determined entirely by the values of the reservoir response 

parameters (a, b,…g) and automatically satisfy the usual stationarity conditions associated 

with ARMA models. Although the expressions for the difference equation parameters are 

quite complicated, they only need to be calculated once and after this do not change, during 

the computation of a given response. In a true stochastic ARMA model the θ0 term is equal 

to one and the inputs rt are replaced by a white noise process. This difference equation 

(A.15) provides the response from each cell, with the total catchment response being a 

linear summation of these outputs; as was explained in Chapter 3. 

A.3.1 FUNCTIONAL RELATIONSHIP BETWEEN LINEAR RESERVOIR AND ARMA 

PARAMETERS 

The difference equation coefficients are defined in terms of the reservoir response 

parameters. This functional relationship between the linear reservoir and difference 

equation parameters ensures that the model produces a sensible pulse response function 

regardless of the choice of parameters. The reservoir parameters can be chosen entirely 

independently of each other and the resulting pulse response is unconditionally stable (non-

oscillatory) and non-negative. 

It is the State-Space formulation that provides these attractive properties, since no outflows 

can occur from an empty reservoir. In this way, it can be guaranteed that negative flows 

will not occur. The derived difference equation form (using equation A.15) of the model 
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corresponds exactly to the State-Space (from equation A.5 and A.6) form as shown in 

Figure A.2 for an example where k1 = 10, k2 = 29, k3 = 13, k4 = 14, k5 = 106, k6 = 25, k7 = 

106 and the 3 reservoir cell model is fed by a unit volume pulse with a duration of ten time 

periods. 

 

Figure A.2: Comparisons of a pulse response function for the State-Space and pseudo-
ARMA representations of the 3 linear reservoir model 

A.4 STABILITY 

As discussed earlier the three reservoir model has an unconditionally stable and non-

negative pulse response function. However, there are stability problems which occur when 

trying to fit model parameters using the difference equation form of the model. There are 

two conditions to gaurantee stability, first the three starting values must be sensible (i.e the 

model should be able to reproduce them) and second if any of the starting values are zero, 

then the input at the corresponding timepstep should also be zero. 

The condition imposed on the rainfall will be discussed first, as it is easiest to understand. 

By examining equation A.15 it is clear that an immediate response to rainfall input occurs 
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when θ0 is non-zero. It follows that for yk = 0  rk-τ must also be zero. The starting values 

should be part of a sequence of outputs produced (or possibly produced) by the model. 

The Autoregressive operator requires the three previous values of yt in order to calculate the 

current value. In a fitting procedure which attempts to match the model output to an 

observed flow hydrograph, by adjusting the model parameters, it makes sense to select the 

initial starting values to match the observed flow response. In so doing we hope to start 

with the catchment in the correct storage state. The difficulty is that we are representing the 

catchment with a model which by definition is a simplification of the physical catchment 

processes. The sequence of flows produced by the catchment satisfies the principle of 

continuity and cannot have resulted from anything but a positive storage in the catchment. 

The only way for the model to reproduce exactly this sequence of flows may be by 

allowing a negative starting storage to occur in one, or more, of the reservoirs. A negative 

storage is a physical impossibility, and the full State-Space equations do not allow such a 

situation to arise. The pseudo-ARMA formulation of the model is exactly equivalent to the 

State-Space representation, but the principle of GIGO (Garbage In Garbage Out) applies. If 

the model is started with a sequence of values which it could not have produced in reality, 

then the resulting output will very likely be unstable. 

Having established that it is the starting values producing the stability problems, the 

apparent solution is to determine the relationship between successive values produced by 

the model and simply select starting values which conform to these specifications. Stability 

can be guaranteed for the difference equation form of a cascade of two unequal reservoirs, 

such as that derived by O’Connor (1982) or Diskin & Pegram (1987c). Examining the Auto 

Regressive portion of the difference equation form, and constraining yt to be non-negative 

can establish the criterion for stability. The result, given in Appendix B, is that the ratio of 

successive values must be such that 

t
k

t

t ie
y
y ∆−

−

>
1

1

 

where ki is the longer of the reservoir response times. By ensuring that the starting values 

selected from the observed flow record meet this criterion it is possible to guarantee a 

stable two-reservoir model, regardless of the parameter values chosen. 
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The three reservoir model needs three starting values for its pseudo-ARMA form. It was 

not possible to establish a relationship between the three starting values and the values of 

qi, as was done for the two reservoir case. Until such a relationship can be determined, the 

only way to absolutely guarantee stability of the model is by using the State-Space 

formulation with positive initial storages. This will entail extra computing time during the 

parameter fitting procedure, as a record of the previous storage in each reservoir must now 

be maintained. During calibration, therefore, the calculation of the new storage in each 

reservoir must now take the place of the simple difference equation computations. 

Nevertheless the pseudo-ARMA formulation will still be used in an operational situation 

where the parameter set has already been selected. The starting values can be set to zero, 

the equivalent of a dry catchment. From this starting position the model can be run in 

forecast mode, accepting the most recently observed rainfall inputs and projecting a 

possible future sequence of flows. 

Figure A.3 shows the kind of unstable response that can result from the wrong choice of 

starting values. The plot in Figure A.4 shows the response for the same parameter set with a 

different choice of starting values. Much exploration of the phenomenon reveals that the 

negative response appears to occur when the starting values are such that the second 

derivative of the output yt with respect to time, 2

2

dt
yd is negative (around a local peak), and 

the curvature is greater than the model could have produced. If the second derivative is 

positive (around a local trough), the magnitude of the curvature has not been found to have 

an effect on the model’s stability. This apparently anomalous situation does make physical 

sense. The relative values of the model response parameters determine the magnitude of the 

curvature produced once input to the model has stopped. Any additional input occurring at 

or near the peak response time can only result in a reduction in the curvature. It is therefore 

essential that starting values chosen near the peak response do not have a curvature greater 

than the minimum allowable. Inputs occurring on the recession limb of the response will 

tend to produce a sharp upturn (see the pulse responses in Figure A.8) since the model has 

an immediate response to input, as described earlier. Thus, choosing starting values which 

are on a steep upturn is less likely to produce a negative response. A simple way to avoid 

the problem of instability is to select the starting values of model flow (not storages) from a 
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relatively flat portion of the hydrograph, or at the start of the rising limb. In most cases, this 

criterion has been sufficient to ensure a stable response from the model. However, a more 

precise definition of this criterion would be preferable. This form of the model is still 

convenient for event modelling and makes for easy implementation. 

 

Figure A.3: A negative response from a three reservoir arrangement 

 

Figure A.4: A non-negative response from a three reservoir arrangement 

-30

-25

-20

-15

-10

-5

0

5

0 20 40 60 80 100

Time

O
ut

pu
t

0

2

4

6

8

10

12

0 20 40 60 80 100

Time

O
ut

pu
t



APPENDIX A MODEL DEVELOPMENT AND OPTIMIZATION 

 99 

A.5 PARTICULAR FORMS 

The general form of the three-reservoir model has great flexibility in its application to 

catchment modelling. A careful choice of parameter values allows specialization of the 

model to represent an entire family of linear reservoir models. This can be done by 

selecting extreme (physically unlikely) values for any of the reservoir response parameters 

ki. The selection of a very long (> 106 time periods) response time results in a slow draining 

of the reservoir, effectively blocking that particular flow path and removing the connection 

from the formulation. In a similar way the selection of a very quick (< 1 time period) 

response time can “hide”, or completely open, an inter-reservoir connection thus removing 

it’s influence from the model. Using suitable combinations of extreme response values, the 

general three linear reservoir model with loss terms can be “collapsed” to a number of 

particular forms. These may be a single reservoir, a cascade of two or three reservoirs 

(equal or unequal), a pair of parallel reservoirs or the three linear reservoir arrangement of 

Figure A.1. All of these variations may include a loss term, or combination of loss terms, to 

suit the modelling requirements. The effect of including loss terms is illustrated in Figure 

A.5. 

 

Figure A.5: Comparison of some pulse response functions for the 3 reservoir model 
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It is a simple matter to have a separate conceptual arrangement for each of the cells by 

fixing some parameter values at the cell level. There may be cases where this kind of 

flexibility is useful. The specification of a single difference equation formulation will 

simplify the modelling procedure from a computational standpoint. Figures A.6 and A.7 

show a comparison of the pulse response functions for a single reservoir, a cascade of two 

reservoirs and the equivalent collapsed forms of the general three reservoir model. The 

pulse is of a unit volume and has a duration of 10 time periods. Figure A.8 shows the 

pseudo-Impulse response functions for the three linear reservoir model collapsed to a single 

reservoir, two and three reservoir cascade, with equal response times. The pseudo-IRF is 

the response function for a unit pulse input, with a duration of one time period. The 

reduction of the model to these forms is made by allowing k2, k5, k6 and k7 to approach 

infinity, creating a three reservoir cascade. The two reservoir cascade is produced by 

further allowing k1 to approach zero. The single reservoir form is reached by further 

allowing both k1 and k3 to approach zero.. Figure A.8 should be compared to Figure 2.3, 

which shows the true IRF’s calculated using the continuous formulation (Equation 2.1) and 

the same reservoir response time (k = 15 time periods). 
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Figure A.6: Comparison of the pulse response function for a single reservoir and the 
equivalent collapsed form of the 3-linear reservoir model 

 

Figure A.7: Comparison of the pulse response function for a cascade of two unequal 
reservoirs and the equivalent collapsed form of the 3-linear reservoir model 
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Figure A.8: Impulse response functions for the 3 linear reservoir model reduced to 1, 2 & 3 
reservoir cascades 

A.6 RANDOM NUMBER GENERATORS-AN APPRAISAL 

The optimization method chosen relies heavily on random number generation. The 

generation of a truly random set of numbers with a computer algorithm is a difficult task. A 

computer is a totally deterministic predictable machine and although it is possible to 

generate a random sequence of numbers using the internal clock, this sequence is not 

repeatable. However, if a sequence of numbers can be shown to be statistically independent 

of one another then they may be considered as a random sequence. The optimization 

techniques employed here require the generation of long (repeatable) sequences of random 

numbers to be effective. It is therefore essential that a good generator be selected for this 

task. A short appraisal of their relative merits therefore seems in order. 

The usual way to provide random numbers is to generate a sequence of uniform random 

deviates lying between 0 and m . A linear congruential generator has the following form 

( ) )mod(1 mcaII jj +=+  

Where the Ij’s are integer numbers. Ij+1 is the uniformly distributed random deviate. The 

multiplier a and incrementer c are positive valued integers chosen (presumably) to produce 

the longest possible sequence of uniform deviates. By taking the modulus of ( )caI j +  it is 
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guaranteed that the Ij+1’s will be in the range 0 to m-1 (inclusive), since the modulus 

operation has only m possible outcomes. The sequence of deviates will therefore eventually 

repeat itself. The maximum sequence length (period of the generator) is defined by the 

chosen value of m. The choice of initial Ij (random seed) will determine where in the 

sequence the generator will start. 

Linear congruential generators tend to exhibit serial correlations between successive calls. 

This manifests itself in banding phenomena when sets of n successive random numbers 

from a sequence are used to plot points in n dimensional space. Thus the points are not 

uniformly distributed throughout the parameter space but tend to lie on a number of distinct 

planes (Press et al., 1992). This is especially problematic when the random deviates are 

being used in Monte Carlo based applications, which rely on a complete investigation of 

the entire parameter space. 

Park and Miller (1988) suggest that a multiplicative generator of the form 

( ) )mod(1 maII jj =+  

is capable of generating random sequences which are as good as those produced by any of 

the linear congruential types which have values of c greater than zero. The minimal 

standard generator that they suggest has the following values 

a = 16807 m = 2147483647 

The random number generator used in this study (Press et al., 1992) is based on this 

minimal standard, but uses an additional shuffling algorithm (Knuth, 1981) to get rid of the 

low order serial correlations which may be associated with the generator. The period of this 

generator, approximately 2x109, is considered more than adequate for the use which is to be 

made of it, since the number of successive calls to the generator is seldom greater than 

about 106. It should also be noted that the parameter fitting algorithm actually relies on 

shorter portions of the random sequence in the order of 105, or less. The generator produces 

floating point precision random deviates lying between zero and one. These deviates can 

then be used to select random numbers within the appropriate bounds by a linear scaling. 
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A.7 OPTIMIZATION TECHNIQUES 

Optimization of the model parameter set refers to the process by which a parameter set is 

selected to minimize the value of a chosen objective function. In this study, the objective 

function to be minimized is the sum of squared differences between the observed 

streamflow hydrograph being analyzed and the model output using observed rainfall as 

input. The optimization routine chosen to perform this minimization should be capable of 

making a thorough search of the relevant region of the parameter space, because the 

complex non-linear rainfall to runoff conversion relationship is likely to have a parameter 

space containing a number of sub-optimal local minima. 

A.7.1 THE SIMPLEX SEARCH ROUTINE 

The basis of the optimization method used is the downhill simplex search routine (Nelder 

& Mead, 1965). This routine is a multi-dimensional function minimization algorithm. The 

search is not directional in the sense of function derivatives, but moves towards the optimal 

point in the parameter space by finding successively lower values of the objective function. 

For a function depending on n parameters, an initial n-dimensional simplex is constructed 

as a starting point for the algorithm. This choice of initial simplex is usually made to 

coincide with the region of parameter space where a minimum is expected. The objective 

function is then evaluated at each of the n+1 vertices of the simplex. The vertex with the 

highest value of the objective function is reflected through the opposite face of the simplex 

and the value of the objective function evaluated at that point. If the value has decreased 

then a further move is made in the same direction otherwise the initial point is retained. A 

contraction in one or many dimensions towards the lowest point is also possible. All of the 

expansions and contractions are made in such a way that the simplex remains non-

degenerate (it must enclose a finite volume in n dimensional space). Any move to a point 

with a lower value of the objective function is accepted while a move resulting in a larger 

value of the objective function will always be rejected. In this way the simplex tumbles and 

contracts toward a region where a minimum for the objective function may be found. 
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A.7.2 MONTE CARLO TECHNIQUES AND THE METROPOLIS ALGORITHM 

The downhill simplex method is most likely to converge to the nearest minimum since it 

will always accept a downhill step. In situations with many dimensions it is probable that 

many local minima (at least relative to the machine precision) may occur in the parameter 

space, making location of the global minimum a difficult task. This problem may be solved 

through the application of Monte Carlo techniques. A sequence of random starting 

simplexes is selected which fall within the parameter space. The downhill simplex 

algorithm is applied to each of these and their respective minima and parameter sets 

recorded, after a reasonable number of iterations. Provided a sufficient number of starting 

simplexes are chosen and their distribution through the parameter space is uniform, the 

global minimum can be taken as occurring at the best position overall. 

Simulated annealing using the Metropolis algorithm (Metropolis et al., 1953) makes use of 

a random walk through the parameter space in an attempt to discover the global minimum. 

This technique has been used successfully to solve minimization problems involving large 

numbers of independent variables, such as in the design of electronic systems (Kirkpatrick 

et al., 1983). The algorithm is based on the analogy of the physical process of annealing 

where a solidifying substance will arrange its molecules in such a way that the lowest 

energy state is achieved if the cooling process occurs sufficiently slowly. The state can be 

thought of as the value of the objective function (Ei) at a given point in the parameter space. 

The algorithm will move from a point with state E1 to a point having state E2 with a 

probability p. 



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 −−

= kT
EE
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Where k is the Boltzmann constant and T is the current “temperature”. If E2 is less than E1 

then p will be greater than 1, in this case p is set to 1 and the step is accepted. In this way a 

favourable (downhill) step is always accepted with an uphill step sometimes being 

accepted. Different choices of probability distribution may be made for different 

optimization problems. 

The variable T is initially at the maximum expected scale of the problem. The value of this 

variable is reduced, after a number of steps, using an appropriate scheme. As it is reduced 
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the likelihood of an uphill step being accepted is reduced. At large values of T the major 

minima are explored and the algorithm provides an opportunity to escape from large local 

minima and investigate a greater portion of the parameter space. As the variable is reduced 

in magnitude the algorithm allows for more focussed investigation of minima. A further 

advantage of the algorithm is that it may be adapted to allow for the assessment of 

uncertainty in parameter estimates (Kuczera & Parent, 1998). 

A.7.3 THE MODIFIED SIMPLEX SEARCH 

The minimization routine chosen is a modified version of the downhill simplex method that 

incorporates the Metropolis algorithm (Press et. al., 1992). The value of the objective 

function associated with each of the simplex vertices is increased by a logarithmically 

distributed uniform random deviate, proportional in magnitude to the variable T. A 

similarly proportioned deviate is subtracted from the function value associated with each 

new point tried by the search process. The Metropolis algorithm is applied indirectly in that 

a downhill step is always accepted but there is also a possibility of uphill steps being 

accepted. If the function value at the new simplex vertex is lower than at the old point then 

the randomly disturbed function value at the new point will always be lower than the 

disturbed function value at the old position and the move accepted. There are two 

possibilities in the case where the function value at a new simplex point is higher than at 

the previous position. The disturbed value associated with the new point has the possibility 

of being either higher or lower than the disturbed value at the old position resulting in the 

possible acceptance of an uphill move. 

The advantage of using this method as an optimization tool is its great flexibility. The 

routine can be used in either of the following ways depending on the function being 

minimized. If the value of T is initialized as a large value and the maximum number of 

iterations allowed is also set to be a large number; then the algorithm can operate in a 

purely “simulated annealing” mode. The parameter space will be completely investigated 

with the best local minimum of scale T being selected at each step. After a reduction in the 

magnitude of T the region within the minimum can then be searched for further minima 

within a confined region of the parameter space. The process continues in this way until T 

reaches zero (and the algorithm reduces, exactly, to the standard downhill simplex search) 
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or the maximum number of iterations allowed is reached. Alternatively if the initial T is set 

to zero and the maximum number of iterations made small, a large number of restarts can 

be made from randomly distributed starting simplexes within the parameter space. Each of 

the restarts performs a “cheap” minimization not requiring much computing effort, however 

if a sufficient number of restarts are made to provide a complete investigation of the 

parameter space then the global minimum is likely to be found. 

A.8 DESCRIPTION OF THE FITTING ALGORITHM 

The parameter fitting was carried out by minimizing the sum of squared differences 

between an observed streamflow hydrograph and the calculated hydrograph produced by 

the model. The algorithm adopted was to fit sub-sections of the flow event, one at a time, 

and to calculate the total sum of squared differences for the entire event. A computer 

program was written in the C language to implement this procedure. An outline of the main 

points follows. 

The parameter fitting process of minimization varies slightly depending on whether the 

catchment is being treated as a single cell or as a number of cells. The case where the 

catchment has been divided into a number of cells will be discussed here; the particular 

case of a single cell is an obvious specialization of the treatment. 

The hourly flow data for the period of investigation are read into memory from a text file. 

The first sub-event is selected from the entire record and stored in a separate memory array. 

A sub-event is defined as that portion of the hydrograph which lies between two troughs or 

“local minima” in the hydrograph (Figure A.9). The ratio between successive flow values is 

used to determine whether a data point is on the rising limb or the recession. If consecutive 

values of the ratio change from being greater than one (a recession) to being less than one 

(a rising limb), a trough is defined. These local minima on the hydrograph mark the 

beginning and end of each sub-event, except for the first and last sub-events. The start of 

the first sub-event is determined by the start of the data to be analysed and it’s end point by 

the first trough. The end of the data, similarly, determines the end point of the last sub-

event. The sub-event selection algorithm used here is very simple, only deciding if a 

change in the hydrograph slope is occurring. The algorithm does not distinguish between 

sub-events of differing magnitudes, this was not deemed necessary for the particular flow 



APPENDIX A MODEL DEVELOPMENT AND OPTIMIZATION 

 108 

sequences selected for the analysis (see Chapter 5). The inclusion of a more sophisticated 

algorithm would likely improve the fitting procedure as relatively small (in terms of the 

peak value) fluctuations in flow would not be unnecessarily analysed as separate sub-

events. 

The contributing rainfall for each of the cells, over the time period of the sub-event, is 

selected at the minimum integer lag. The function minimization routine is then 

implemented for the required range of integer lags. Once a best fit parameter vector has 

been determined for a sub-event at each of the rainfall lags within the range, a new sub-

event is selected and the process repeated. 

 

Figure A.9: A selected sub-event (shown in Black) 

At each rainfall lag a random starting simplex within the bounded parameter space is 

selected. This simplex is transformed into an unbounded domain using the logit transform. 

For a ≤ x ≤ b y is unbounded if 
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The Modified Simplex Search (MSS) is then carried out in the unbounded domain (in log 

space), with the parameter values (in normal space) being determined by the reverse Logit 

transformation at each function evaluation. Each parameter is chosen independently of the 

others, so there is no need to condition the value of one parameter on another. 
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If y is unbounded a ≤ x ≤ b if 







+

+
= y

y

e
abex

1
 (reverse logit transform) 

The minimum function value and corresponding parameter set is recorded. A number of 

Monte Carlo restarts are made using randomly selected initial simplexes and the overall 

minimum function value and parameter set recorded. The evaluations of the objective 

function proceed by applying the three-reservoir model to each cell and summing their 

contributions. This has been fully described in Figure 3.10 and the surrounding text 

(Chapter 3). Two random sequences are used during this process, the first is used to 

generate the starting simplexes and the second is used by the MSS algorithm to produce the 

disturbed objective function values. The flowchart in Figure A.10 shows schematically how 

the fitting procedure was designed. 
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Figure A.10: Flow chart for the parameter fitting procedure 
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Summary: 

A general three reservoir feed forward model, with loss terms, has been presented. 

Discretely co-incident pseudo-ARMA and State-Space representations of the model have 

been developed following Diskin & Pegram’s (1987c) treatment of a cascade of two 

unequal reservoirs. It has been shown that the general model can be collapsed to a number 

of particular forms, with or without losses. The great flexibility of this family of sub-models 

could be of great use in the development of cell models such as those described in Chapter 

2. The application of this model to a test catchment is described in Chapter 3. 

This Appendix also provided a description of the Monte Carlo and simulated annealing 

methods used in the model fitting process. The fitting procedure makes use of a modified 

simplex search routine incorporating the Metropolis algorithm and Monte Carlo restarts to 

minimize the objective function. The algorithm used to fit the model output to a number of 

observed rainfall-runoff events has been explained. The results of the fits that were 

achieved are presented in Chapter 4. 
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STABLE STARTING VALUES FOR THE TWO RESERVOIR CASCADE 

 

For a zero input situation, i.e. rt = 0 for all t, the pseudo-ARMA form reduces to 

2211 −− += ttt yyy φφ      (B1) 

1211 −+ += ttt yyy φφ      (B2) 

where 

211 qq +=φ  

212 qq−=φ  

Equations B1 and B2 can be written in the following matrix form 
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equivalently 

tt yAy =+1  

with 









= −

t

tt

y
y

y 1  

and A a 2x2 square matrix. Considering a sequence of equation B3 it follows that we can 

write 

tnnt yAy =+       (B4) 

The canonical decomposition of A is 

1−= UDUA  

S1 S2 Streamflow 

Precipitation 

S1/k1 S2/k2 

rt 
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where D is the diagonal matrix of eigenvalues and U contains the corresponding 

eigenvectors. 

Equation B4 becomes 

tnnt yUUDy 1−+ =       (B5) 

The eigenvalues λi are the solutions to ( ) 0det =− IA λ and are 
t

k
i

ieq
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Expanding equation B5 
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From equation B6, we find that 
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The conditions to guarantee B7 non-negative are 
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Much of the data analysis and model fitting for this study required specific software to be 

written. The remaining tasks were performed using a commercially available spreadsheet 

package and image editing software. This appendix provides a more detailed description of 

the various C programs mentioned throughout this text. 

C.1 RAINGAUGE ACCUMULATION 

The tipping bucket raingauge data, provided by METSYS, were in the format illustrated in 

Figure C.1. The first column of data contains the gauge identifier. The next six columns of 

two digit integer numbers represent, the year, month, day, hour, minute and second at 

which the reading was taken. The next column (accurate to two decimal places) is the 

rainfall depth represented by each tip; always 0.2 mm. Column 9 shows the number of days 

so far in the current year. The final column is a tip count. 

stn   yy mm dd  hh mm ss  r.rr  yd   count 

L001  96 03 01  14 16 13  0.00  060  00000 
L001  96 03 01  23 27 45  0.20  060  00002 
L001  96 03 01  23 32 51  0.20  060  00003 
L001  96 03 02  00 47 54  0.20  061  00004 
L001  96 03 02  00 53 10  0.20  061  00005 

Figure C.1: Example of tipping bucket gauge data 

Each data file stores an entire month’s data, with the data for each of the 45 gauges 

following consecutively. Every gauge makes at least one reading per day to confirm that 

the gauge was operational each day of the month. This format is not useful as an input 

sequence to the model. A computer program was written to correctly format the data so that 

it could be used as input to the model. The average rainfall over the catchment, or sub-

catchment, was output in the required format, shown in Figure C.2. 

Year  Time  Depth 
 

1996  36420  1.75 
1996  36480  0.40 
1996  36540  0.00 
1996  36600  0.05 
1996  36660  0.15 

Figure C.2: Example of correctly formatted output from the raingauge accumulation 
program 
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Each record in the formatted output file contains, the year, the time in minutes from the 

start of that year and the accumulated depth (mm) of rainfall during the one hour period 

starting at the time indicated. 

The algorithm used to format the data is 

• Read first line of data. 

• Determine the time from the start of the year (in minutes) to the end of the first and last 

hours in the current month. 

• Allocate a memory array, large enough to hold the hourly rainfall accumulations for 

each gauge, every hour of the month. 

• While the end of the file has not been reached 

• While the gauge identifier is the same as the current one 

• Read the next line of data. 

• Calculate the time from the start of the year. 

• If the time is less than, or equal to, the end of the current hour; add the tip depth 

to the current hours running total. 

• Else If the time is greater than the end of the current hour; write the running 

total to the appropriate place in the memory array, initialize the running total to 

zero and increment the current hour. 

• If the end of the month has been reached; initialize the current hour to the start of 

the month. 

• Else; While the end of the month has not been reached. 

• Infill the memory blocks with zeros. 

• Calculate the average precipitation depth for the relevant gauges for each hour of the 

month and write the results to a formatted text file. 
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C.2 STREAMFLOW INTERPOLATION 

The breakpoint streamflow data obtained from DWAF were not formatted for easy 

comparison with the model output. It was necessary to write a conversion program which 

would extract the relevant flow rates and interpolate between them where required. A linear 

interpolation was used between points which did not coincide with the correct discrete 

intervals. This was done for simplicity, and because the breakpoints are (by definition) the 

points where the continuous flow record deviates from a straight line. 

The algorithm for this program is as follows 

• While the end of file has not been reached 

• Read a line of data. 

• Calculate the time (in minutes) from the start of the year. 

• Write the year, time and flow rate to an intermediate file. 

• Close the primary data file. 

• Read the first line of the intermediate file. 

• Determine the time to the start of the hour after the first record. 

• While it is not the end of the intermediate file 

• Read the next line of data. 

• If the time is after the current hour. 

• Linearly interpolate between the previous and current flows to calculate the flow 

for this hour. 

• Write the flow and current hour to file. 

• Replace the previous flow with the current one. 

• Increment the current hour 

• Else If the time is prior to the current hour; update previous flow. 
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C.3 CAPPI MASKING 

The CAPPI masking program accepts as input the file path to the first CAPPI and the 

number of consecutive CAPPI’s to be processed. In addition, input is the path to the first 

mask image and the number of consecutive images with which the CAPPI data must be 

masked. The output is a number of text files, containing hourly rainfall accumulations, 

formatted as shown in Figure C.2. The original bitmap images remain unchanged. 

The algorithm used is 

• Open the first CAPPI bitmap. 

• Determine the time (in minutes) from the start of the year to the end of the hour during 

which the CAPPI data was recorded. 

• Allocate a memory array large enough to hold the rain rate for each pixel on the CAPPI. 

• Open the mask image. 

• Define a “mask” for the memory array. 

• Write the rain rates, for pixels falling within the masked region, to the appropriate place 

in the memory array. 

• While there are still more CAPPI’s to process. 

• Open the next CAPPI. 

• If the time is during the current hour 

• Increment the relevant values in the memory array by the new rain rates. 

• Increment the CAPPI count 

• Else If the time is after the current hour 

• Calculate the rainfall depth during the current hour by dividing the values in the 

memory array by the number of CAPPI’s recorded during the hour. 

• Initialize the memory array. 

• Initialize the CAPPI count. 
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• Increment the current hour. 

• Increment the relevant values in the memory array by the new rain rates. 

• Increment the CAPPI count 

• Repeat the above for each mask region. 

C.4 PARAMETER FITTING 

The flow chart in Appendix B (Figure B.2) provides an adequate description of the 

algorithm used in the parameter fitting process. The following pages contain an example of 

the information file used by the fitting program. All lines beginning with the hash (#) 

symbol are comments and ignored by the program. A separate copy of this file was used for 

fits of the various model configurations, with the appropriate changes made. 
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# A typical information file for the parameter fitting process. 
# Nov/Dec-1998 Model 4 Six cells 
# Above are comments on the event date and number of cells in the 
# catchment, as well as the model configuration used. 

# Channel parameters for each cell. 
# These are calculated as the ratio CL/TL.  
# Where CL is the distance along the longest collector of the cell  
# to the gauging station. 
# TL is the longest of the distances calculated in this way. 

channelC83A  1.0000 
channelC83B  0.9123 
channelC83C  0.6491 
channelC83D  0.9386 
channelC83E  0.5351 
channelC83F  0.4035 

# Areal parameters for the cells. 
# The parameters are the area of the cell taken as a proportion of  
# the total catchment area. 

areaC83A   0.2054 
areaC83B   0.0713 
areaC83C   0.2290 
areaC83D   0.1294 
areaC83E   0.118 
areaC83F   0.2464 

# Conversion factors from mm/hr to m3/s. 
# The rainfall totals are in mm/hr but streamflow is in m3/s. 

conversionC83A  338.6111 
conversionC83B  117.5 
conversionC83C  377.5 
conversionC83D  213.3333 
conversionC83E  195.2777 
conversionC83F  406.1111 

# Path to text file of observed flows. 

OBSERVED_FLOW  \\FLOWMASTER\process\flowsC8H020.txt 

# Name of working directory to create. 

WORKING_DIR  \\FLOWMASTER\process\median40 

# Paths to save calculated flows and parameters. 

CALCULATED_PARAMETERS \\FLOWMASTER\process\median40\parameters.txt 
CALCULATED_FLOWS  \\FLOWMASTER\process\median40\streamflow.txt 
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# Paths to save intermediate flows and parameters. 

PARAMETER_ESTIMATE \\FLOWMASTER\process\median40\pA.txt 
STREAMFLOW_ESTIMATE \\FLOWMASTER\process\median40\sA.txt 

# Year in which to start fitting. 

START_YEAR   1998 

# Minutes from the start of the year to the first record. 

START_MINUTES  452340 

# Length of record to analyse (Hours). 

SIZE    636 

# Path to first text file of observed rainfall. 
# The files must be named in the following format 
# C83A.txt,C83B.txt....C83F.txt 

RECORDED_RAIN 
\\FLOWMASTER\Accumulated_Rain_Data\11_12_1998_C83A.txt 

# The number of cell's in the catchment. 

CELL_NUMBER  1 

# Determines where the losses are taken from in the model. 
# A “comment” parameter to keep track of the model configuration. 
# 1->Loss from tank 1 
# 2->Loss from tank 2 
# 3->Loss from tank 3 
# 4->Loss from tanks 1&2 
# 5->Loss from tanks 1&3 
# 6->Loss from tanks 2&3 
# 7->Losses from all tanks 

MODEL_NUMBER  4 
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# The tank response parameters (Hours) 
# Zero or negative values indicate that the parameter is to be 
# fitted. 
# Positive values indicate the value at which the parameter is 
# fixed. K = 106 if the reservoir is “closed”. 

K1    -1 
K2    -1 
K3     -1 
K4     -1 
K5     -1 
K6     -1 
K7     1000000 

# The minimum lag (Hours). 

START_LAG   5 

# The maximum lag (Hours). 

END_LAG   8 

# Initial temperature for the Metropolis annealing schedule. 
# Defines a scale for the random fluctuations, which is reduced  
# after a given number of iterations. 

INITIAL_TEMP  10000 

# The number of iterations before the Metropolis temperature is 
reduced. 

ITERATIONS   2000 

# The maximum number of iterations allowed in total 
# (for each restart). 

MAXIMUM_ITERATIONS 20000 

# The number of restarts from random simplexes. 

RESTARTS   25 

# The choice of annealing schedule to reduce the Metropolis 
# temperature. 
# Schedule 1 reduces temp. exponentially. 
# Schedule 2 reduces temp. linearly. 
# Schedule 3 reduces temp. based on the difference between the  
# lowest objective value on the current simplex and the lowest  
# found at previous temperatures. 

ANNEALING_SCHEDULE 1 
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# Value of exponent for schedule 1. 

ALPHA    2.43 

# Linear temperature reduction factor for schedule 2. 

EPSILON   1.0E-3 

# Factor of order one, to scale the difference in values at  
# simplex vertices, Schedule 3. 

BETA    2 

# Biggest factor by which the temperature may be reduced during  
# one step.Schedule 3. 

GAMMA    7.5E-1 

# Stopping tolerance for the 
# amebsa algorithm (Press et al., 1992). 

FUNCTION_TOLERANCE 1.0e-8 

# The upper bound for the reservoir response parameters. 
# This value allows the response time to be essentially infinite. 

KMAX    10000 

# The lower bound for the reservoir response parameters. 
# This value allows the response time to be negligible. 

KMIN    0.001 
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