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ABSTRACT

Decision making for water resources is needed for land-use change due to urbanisation, which impacts hydrological 
variables such as mean annual runoff (MAR) of catchments. Urbanisation introduces some degree of uncertainty (expressed 
as entropy) to this specific variable. This study uses Shannon or theoretic entropy as a tool for measuring land use 
variability/diversity of urbanised areas in South Africa. Positive correlations between entropy and increase in mean annual 
runoff (MAR) due to urbanisation are derived. Also, relationships between return period/risk of failure (flooding or water 
supply) and entropy are established. A case of Pieter Wright Dam of the Vaal drainage region is used to demonstrate these 
relationships. Consequently, the reliability of this dam is shown to be positively correlated with entropy. Data on surface 
water resources of South Africa 1990 (WR90) compiled by the Water Resource Commission (WRC) were used in this study.  
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INTRODUCTION

Known as a degree of uncertainty of a system or a measure of 
variability (Mishra et al., 2011), the Shannon entropy derived 
for communication science (Shannon and Weaver, 1949) has 
been applied to a range of problems in environmental and water 
resource engineering (Singh and Krstanovic, 1997; Singh, 1998; 
Singh, 2000; Markus et al., 2003; Ilunga and Stephenson, 2004; 
Keylock, 2005; Zhang et al., 2006; Chen et al., 2007; Xuan et al., 
2012; Singh, 2011 and 2013). Xuan et al. (2012) used informa-
tion entropy to provide a new regulation for complex ecological 
and environmental issues during urbanisation. Li et al. (2012) 
conducted an entropy weight observability-controllability risk 
analysis to select water resource planning alternatives. Ma et 
al. (2012) used information theory to measure and characterise 
water use diversity at a regional scale. Xiao et al. (2011) studied 
the dynamic evolution of entropy in both space and time for an 
urban land-use system and showed that the decrease in entropy 
of such a land-use system is linked to orderly development. 
Payraudeau et al. (2003) employed an entropy index to measure 
intra-sub-catchment land-use space variability using different 
land-use classes, and showed that the land-use variability was 
higher when using a higher number of categories than when 
using a lower number of categories. Consequently, entropy 
is regarded as a good measure of the spatial extent of land 
development (Deka et al., 2012). The study by Payraudeau et al. 
(2003) is one of only a few studies that have dealt with entropy 
and land-use classes. 

Studies have shown that urbanisation impacts on runoff 
(e.g. Midgley et al., 1994; Shi et al., 2007; Zhou et al., 2013). 
Increases in impervious areas reduce infiltration and increase 
surface water runoff (O’Driscoll et al., 2010; Suriya and Mudgal, 
2012). Extreme hydrological events such as floods can be associ-
ated with rapid urbanisation that modifies the nature of both 
the land surface and the river network (Shi et al., 2007; Ya et al., 
2012) and may reduce runoff confluence time (Shi et al., 2007). 
Increased hydrological risk or loss of property can be due to 
severe events related to entropy (Singh, 2000). Patera (2001) 
established a connection between risk and entropy, using aver-
age daily values of damage caused by water supply deficiencies. 
However, no such relationship has previously been established 
between changes in MAR due to urbanisation and the degree 
of uncertainty measured in terms of entropy. Consequently, 
a relationship between entropy and the risk associated with 
flooding or water supply from a reservoir (dam) due to urbani-
sation has not yet been established. Two main categories of 
land-use classifications are used in the present study: major 
urbanised areas and non-urbanised areas. The current study 
investigates the connection between land-use variability (in 
terms of entropy index) and the increase in mean annual runoff 
(MAR) for major urbanised quaternary catchments (QCs) in 
South Africa. It also attempts to make the connection between 
entropy and risk associated with hydrological events, such as 
floods, that could result from urbanisation. Hence, the connec-
tion between reliability (as the inverse of risk) and entropy can 
be derived. 

The land use and data used in this study are limited to 
the 1994 surface water resources assessment of South Africa 
(WR90) (Midgley et al., 1994). The current study does not deal 
with the temporal evolution of entropy, but with spatial varia-
bility of urbanised QCs.  This is a preliminary study based only 
on the datasets (i.e. urbanised areas and non-urbanised areas) 
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extracted from the WR90 reports. In this paper, non-urbanised 
areas implicitly encompass forestry, cultivation, mining and 
many others. The current study does not use data from the 2005 
surface water resources assessment (WR2005 – Middleton and 
Bailey, 2009, 2011) or specific land cover classes such as forestry, 
mining, cultivation, etc. (Van der Berg et al., 2008; SANBI, 
2009).

Land use and entropy

The Shannon entropy (i.e. degree of uncertainty or chaos) of 
a discrete hydrological variable X, written as H(X), can be 
expressed as follows:

                            (1)

where: 
X is a random variable that takes on values xi, i = 1, 2, 3, …, n
pi is the probability of occurrence of X = xi or event i

The unit of measurement of H(X) depends on the base of the 
logarithm; it is expressed in bits if the base is 2, in Napiers if the 
base is e, and in decibels (dB) if the base is 10.  Studies relat-
ing entropy to land classes are very sparse, e.g. Xiao (2011) and 
Payraudeau et al. (2003). Considering different land use types, 
Eq. (1) can be recast as:

                            (2)

where: 
H(A) is the entropy index (Payraudeau et al., 2003)
A is the total catchment area
pi is the area of land use ai, divided by the total catchment 
area A

A higher value of H(A) implies higher catchment land use 
variability (Payraudeau et al., 2003). Chen et al. (2010) used 
information entropy as a measure of land type diversity. Land 
variability and land diversity are essentially synonymous. 
Subsequently, entropy was used as a measure of urbanisation, 
i.e., the probability of an urban area occurring around a city 
centre (Chen et al., 2010). The hydrological impact (i.e. change 
in runoff) due to urbanisation associated with entropy, dis-
tinguishes the current study from previous studies. Xuan et 
al. (2012) approached an urban ecosystem as a system where 
entropy change results from the exchange of flows of material 
and energy between the urban socio-economic system and 
the natural support system. This evolutionary approach is not 
adopted in the current study.

Entropy as a decision-making tool

Urban ecological regulation at a town scale can be developed 
with the aim at reducing the entropy of the system (Xuan et al., 
2012); hence, the overall uncertainty of the system can be mini-
mised. Information entropy theory can help managers to make 
planning decisions for the structural evolution of urban lands 
(Xiao et al., 2011; Deka, et al., 2012). A high degree of observ-
ability-controllability implies a large amount of information 
and, therefore, a small amount of uncertainty and risk (Li et al., 
2012). In general, a sound decision-making process is associ-
ated with a certain level of risk. The notion of risk involves 
both uncertainty and some kind of loss or damage. Although 
the notion of risk is subjective, risk is seen as probability 

(uncertainty) and consequence (loss or damage); hence risk 
is related to entropy (Singh, 2000). The notion of risk for a 
dam, for example, may imply failure: flood events (e.g. peak 
discharges) are always associated with a risk of the dam being 
overtopped. Water supply from a dam (reservoir) is always 
associated with some degree of risk since the water retained by 
the dam (reservoir) might fail to satisfy demand. The failure 
indicator could be the water level, or the depth of water at the 
dam top (Singh, 2000). As the risk level increases (i.e. a gradual 
reduction in water supply before the expected low-flow period), 
the entropy of average daily values for damage caused by water 
supply deficiencies gradually decreases (Patera, 2001).

In this study, Eq. (3) below is an expression of the hydro-
logical annual risk (R).

    R = 1/T                          (3)

where: 
T is the return period (recurrence interval)
R is the annual risk which relates to the probability of  
failure of the system

In this case, the notion of risk is expressed as the probability 
of occurrence of an event or the probability of the water sys-
tem not meeting a given water demand. In particular, extreme 
events such as floods and droughts are associated with relatively 
low risk or probability of occurrence. These events may cause 
significant damages, e.g., property loss, life loss and ecosystem 
degradation, etc. Hence, the reliability (r), e.g. the capability of 
the system in meeting a certain demand (not flooding) is given 
by Eq. (4):

    r = 1/R                          (4)

where: 
r is the reliability
R is the annual risk, which is related to hydrological 
conditions

The ever-increasing demand for water resources and the change 
in natural conditions may increase the severity of current water 
shortages, flooding and deterioration of ecological function 
(Li et al., 2012). Water planners/managers have always been 
concerned with increasing water demand (Ma et al., 2012). 
Socio-economic growth fosters increases in water demand and 
urbanisation that may result in an entropy increase (Ma et al., 
2012). For a water distribution network, a positive correlation 
between hydraulic reliability and entropy can be established 
(Tanyimboh et al., 2011). Entropy can be approached as a 
measure of the redundancy of the paths available for water flow 
in the water distribution network (Greco et al., 2012). Entropy 
may act as a surrogate of topological reliability, useful in water 
network design procedures, but does not provide information 
about the capability of the network to assure good performance 
after the occurrence of link failures (Greco, et al., 2012). The 
above studies suggest that the risk of failure (hence probability 
of occurrence) associated with increase in river runoff due to 
urbanisation can eventually lead to uncertainty. The risk of 
failure can be translated, for example, into dam failure, flood-
ing, loss of property, etc. Increases in river runoff, or MAR, due 
to urbanisation can therefore be related to entropy or the level 
of uncertainty. Safety evaluation and reliability analysis can 
help water resource decision makers to reduce the risk of failure 
of hydraulic system operations. However, it is not the purpose 
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of this study to explicitly show the costs/damage that can result 
from such a risk. 

Effect of urbanisation on runoff

According to Midgley et al. (1994), urbanisation can cause 
significant changes in hydrological variables. Associated paved 
areas cause an increase in surface runoff and, in general, a 
decrease in groundwater recharge. The impact of urbanisa-
tion on runoff regime has also been reported in several other 
studies and the change in runoff evaluated (e.g. Shi et al., 2007; 
O’Driscoll et al., 2010; Suriya and Mudgal, 2012; Ya et al., 2012). 
Midgley et al. (1994) assumed that for South African QCs, the 
mean annual runoff (MAR) from paved surfaces would be  
84% of mean annual precipitation (MAP), and developed the 
following equation:       

       URB = Ap[(0.00084 x A x MAP) − MAR]               (5)

where: 
URB is the increase in runoff (Mm3∙a-1)
Ap is the paved area as a proportion of the total catchment 
area
A is the total catchment area (km2)
MAP is the mean annual precipitation (mm∙a-1)
MAR is the mean annual runoff (mm)

A QC is the basic areal unit for water resource assessment in 
South Africa (Midgley et al., 1994). The primary drainage is 
divided into secondary, tertiary and quaternary catchments 
(QCs). The following nomenclature designating QC number 
was adopted. For example, a QC designated as W51F, which lies 
to the north of the town of Piet Retief, would have the follow-
ing meaning: W is the primary drainage, 5 is the secondary 
drainage of the primary drainage W (a maximum of 9 second-
aries per primary), 1 refers to the tertiary sub-drainage region 
(maximum of 9 tertiary per secondary).  Finally, each quater-
nary sub-catchment name ends with an upper case letter –  
in this case F.

METHODS 

Computation of entropy

The basis of the computation of land-use spatial variability 
is the Shannon entropy, which is recast in the form of Eq. (2) 
given previously. In the present study, the i values in Eq. (2) 
comprise urbanised and non-urbanised areas, since land-use 
types were classified into urban and non-urban for major 
urbanised hydrological QCs in South Africa, using the data 
extracted from WR90. Hence, each class (e.g. urban or non-
urban) is not disaggregated into further components. 
In this case, Eq. (2) can be written as:

     H = HUA + HNUA                       (6)

where: 
H is the entropy index of the given QC
HUA is the marginal entropy index associated with the 
urbanised area
HNUA is the marginal entropy index associated with the non-
urbanised area within the hydrological QC

For the two land-use types considered, the entropy index or 

land-use variability/diversity of the QCs will comprise the land 
use variability of the urbanised area (HUA) and the land use 
variability of the non-urbanised area (HNUA). For the rest of this 
paper ‘marginal entropy index’ and ‘entropy’ are used inter-
changeably. Eq. (2) was used for calculating entropy values.  
Eq. (5), combined with Eq. (2), was used to derive the rela-
tionships between entropy (HUA) and increase in MAR due 
to urbanisation (URB) for different QCs across the drainage 
regions of South Africa.  

Hydrological risk and entropy

The notion of risk is approached from a hydrological perspec-
tive. Urbanisation (a feature of ‘land diversity’) is one of the 
main factors that influence entropy. The relationship between 
entropy and risk of failure (due to flooding) for the reservoir, as 
well as the relationship between entropy and risk of failure for 
water supply, will be investigated by assuming there is a frame-
work for reservoir management/planning in place. 

The relationship between entropy (uncertainty) and risk 
of failure for a reservoir (dam) due to flooding  will be investi-
gated as follows:
•	 It is assumed that the flooding amount of water leads to 

spillage. 
•	 According to Eq. (3), risk (R) of failure (hence entropy) 

relates to return period (T) or recurrence interval. Hence, 
using Eq. (4), the reliability of the dam can be computed.  

•	 For different recurrence intervals, storage–draft–frequency 
(S–D–F) curves help to determine the increase in storage 
as %MAR, for a given draft. This increase in storage can be 
expressed in terms of equivalent URB through Eq. (5). In 
this way, the relationship between entropy and URB due  
to flooding can be derived, when Eq. (5) is combined with 
Eq. (2).

The relationship between entropy and the risk of the hydraulic 
structure (dam) not meeting the demand due to the intensity of 
urban (land) development can be determined as follows:
•	 For a reservoir (dam), the increase in annual urban growth 

is usually associated with an increase in gross draft in terms 
of water supply (i.e. storage–draft–frequency curves are 
used). 

•	 A given increase in gross draft (as % of MAR) corresponds 
to the increase in dam storage (i.e. live storage as % MAR) 
approximated at different recurrence periods (T) or prob-
abilities of failure  to meet water demand (entropy), hence 
failure of water supply. 

•	 Similar to the flooding case, the increase in storage can 
be expressed in terms of equivalent  URB via Eq. (5). 
Combining this equation with Eq. (2), the relationship 
between entropy and URB can be derived in the case  
of failure of the hydraulic structure (dam) to meet 
demand. 

Data

Land-use and hydrological data for this study were extracted 
from the 1990 surface water resources assessment of South 
Africa (Midgley et al., 1994). There are 5 primary drainage 
regions: I, II, III, IV and V (Fig. 1) and about 1 945 QCs (Fig. 
2). Table 1 gives the catchment area, MAP and MAR of the 
primary drainage regions. Appendix 1 displays the informa-
tion for different QCs (of the Vaal drainage region) that were 
used to compute the entropy values and the change in runoff 
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due to urbanisation. Similar information for the 
remaining drainage regions used in this study can be 
found in Midgley et al. (1994).  

Figure 3, i.e., Hydrozone: II-C according to the 
WR90 classification (Midgley et al., 1994) was used to 
derive the relationship between risk of flooding or sup-
ply of a reservoir (dam) and the marginal entropy index 
due to urbanisation. A preliminary illustration is given 
for the Pieter Wright Dam. This dam is situated in QC 

Figure 1
Map showing the 

drainage regions of 
South Africa (drawn 

using ArcGIS 10.1)

Figure 2
Map showing 

the quaternary 
catchments (QCs) 

in the different 
drainage regions of 
South Africa (drawn 

using ArcGIS 10.1)
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Figure 3 (right)
Storage–draft–frequency (S–D–F) for Hydrozone II-C (as 

adapted from Midgley et al., 1994). Given gross draft values as 
% of MAR, the live storage values as % of MAR are obtained for 

different recurrence intervals
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C22H of the Vaal drainage region and was chosen arbitrarily 
for illustration purposes. Pieter Wright Dam is an earth-fill 
embankment dam, erected in 1971 on the Riet River, in the 
town of Westonaria. The characteristics of the dam are sum-
marised in Table 2.

RESULTS AND DISCUSSION

Computation of entropy

The steps involved in computing probabilities and entropy are 
shown below and are based on information relating to different 
land-use types for different QCs given in Appendix 1.
For any quaternary catchment, the steps are as follows:

•	 Step 1. The marginal entropy index HUA for an urbanised 
area is obtained using Eq. (2). as follows:
HUA = −0.01∙UA log(0.01∙UA)                          (7)
where: UA = urbanised area values expressed in % as given 
in Appendix 1.

•	 Step 2. The marginal entropy index HNUA for the non-
urbanised area is given by: 

 HNUA = −0.01(100−UA)∙log[0.01(100−UA)]                  (8)

•	 Step 3. The total entropy index H associated with the total 
area (i.e. urbanised and non-urbanised areas) is estimated 
using Eq. (6):
H = −0.01∙UA log(0.01∙UA) − 0.01(100−UA)∙log[0.01(100−
UA)]                            (9)

TABLE 1
Primary drainage regions in South Africa: Catchment area, mean annual 

precipitation (MAP) and mean annual runoff (MAR)
Name Primary drainage

regions
Catchment 
area (km2)

MAP
(mm)

MAR
(Mm3)

Limpopo-Olifants A, B (I) 183 160 565 4 827
Vaal C  (II) 196 293 571 4 298
Orange (excl. Vaal) D, F (III) 438 244 294 7 011
Western Cape E,G,H,J,K,L (IV) 176 990 328 7 517
Eastern Cape M, N, P, Q, R, S, T (V) 134 548 609 10 143
Eastern Escarpment U, V, W, X (VI) 137 724 816 17 016

TABLE 2
Pieter Wright Dam characteristics

Height Capacity Longitude latitude Type

10 m 2.596 Mm3 27° 44’ 26° 22’ Earth-fill embankment

TABLE 3 
Entropy values for the Limpopo-Olifants drainage region

Quaternary
Sub-catchment

HUA 
(dB)

HNUA
(dB)

URB
(Mm3)

H
(dB)

HUA
%

A21A 0.082 0.018 2.347 0.101 81.713
A21B 0.095 0.022 3.162 0.117 81.566
A21C 0.159 0.067 20.730 0.225 70.376
A21D 0.084 0.018 1.819 0.103 82.087
A21E 0.079 0.017 1.251 0.095 82.421
A21H 0.034 0.005 0.539 0.039 86.292
A23A 0.101 0.025 4.824 0.125 80.398
A23D 0.156 0.070 3.880 0.226 69.027
A23E 0.126 0.034 5.262 0.160 78.792

•	 Step 4. % of HUA is obtained using Eq. (9) as given below:
%HUA = 100(HUA/H)                          (10)

•	 Step 5. From the data given in Appendix 1, Eq. (5) is used to 
calculate the increase in MAR due to urbanisation. 

The entropy values calculated are summarised in Tables 3 to 
7. Urbanised QCs that have negligible percentage values for 
impervious areas, as established from WR90 , were excluded 
from this study. QCs of the Orange River system (D, F or 
Region III), as well as C91B, R20B and U20C, V60D, V12F, 
V70E, V70F, W11A, V12H were therefore excluded. 

Results presented in Tables 3 to 7 indicate that the marginal 
entropy values for various QCs were higher for urbanised areas 
than for non-urbanised areas, and constituted at least 69% 
of the total entropy index. One can thus infer that the major 
contributing factor to land-use spatial variability (entropy) was 
urbanisation for major urban QCs. Urbanised areas are linked 
to impervious areas. Since urbanisation increases hydrologi-
cal variables such as runoff peaks and MAR (Midgley et al., 
1994; Shi, et al., 2007), high entropy values (or uncertainty) for 
urbanised areas may correspond to severe hydrological events, 
such as floods. Hence sound planning or decision making is 
required to minimise the hydrological impact of urbanisation. 
This can be achieved, for example, through structured evolu-
tion of urban lands (Xuan et al., 2012; Deka et al., 2012).
 Tables 3 to 7 also show that the highest marginal entropy 
values for drainage regions I, II, IV, V and VI were 0.159, 0.158, 
0.159, 0.159 and 0.160 dB, respectively. The hydrological QCs 
associated with these values were A21C, C22B, G22C, M20A 
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and U20M, respectively. It is noted that these values were close 
or equal to 0.16 dB. For South African QCs, the overall limit 
value for entropy can be reasonably assumed to be 0.16 dB. This 
value indicates the relatively higher uncertainty associated with 
urbanised areas for different QCs of South Africa, in terms of 
land-use spatial variability. The maximum entropy for any QC 
is 0.3 (Log 2) dB and the urbanised area in each of these QCs 
represents around 53% of the maximum degree of land-use spa-
tial variability. This means that urbanisation in these specific 

TABLE 4
Entropy values computed for the Vaal drainage region

Quaternary  
Sub-catchment

HUA 
(dB)

HNUA
(dB)

URB
(Mm3)

H
(dB)

HUA
%

C11B 0.040 0.008 0.844 0.048 84.106
C11F 0.027 0.005 0.988 0.033 83.521
C11M 0.027 0.005 0.783 0.033 83.521
C12D 0.039 0.008 1.349 0.046 83.704
C21D 0.154 0.049 8.098 0.203 75.910
C21E 0.097 0.022 3.771 0.118 81.753
C21F 0.045 0.008 0.710 0.052 85.489
C22A 0.127 0.033 5.750 0.159 79.472
C22B 0.158 0.053 7.938 0.211 74.842
C22C 0.138 0.038 5.816 0.176 78.538
C22D 0.117 0.029 3.070 0.146 80.338
C22E 0.091 0.020 2.841 0.111 81.982
C22F 0.141 0.040 5.785 0.181 77.920
C22H 0.079 0.017 1.870 0.096 82.556
C22J 0.143 0.040 8.543 0.183 78.069
C22K 0.136 0.036 4.941 0.172 78.803
C23D 0.146 0.042 7.275 0.188 77.485
C23E 0.035 0.008 1.286 0.043 82.317
C23H 0.064 0.013 1.309 0.078 82.801
C23K 0.034 0.005 0.376 0.039 86.292
C23L 0.018 0.003 0.579 0.021 85.989
C24A 0.025 0.005 0.761 0.030 81.957
C24H 0.071 0.015 2.804 0.086 82.460
C25B 0.020 0.003 0.798 0.023 86.957
C31F 0.022 0.003 0.706 0.025 87.777
C32D 0.012 0.003 1.504 0.015 79.318
C33A 0.025 0.005 2.023 0.030 81.957
C42J 0.093 0.022 4.683 0.114 81.172
C43B 0.072 0.015 2.081 0.087 82.623
C51L 0.053 0.010 2.366 0.063 84.670
C52B 0.036 0.008 1.236 0.044 82.812
C52F 0.109 0.026 3.931 0.135 80.771
C52G 0.094 0.022 7.468 0.115 81.273
C52J 0.056 0.012 3.636 0.067 82.936
C52L 0.030 0.005 1.507 0.035 84.786
C60D 0.052 0.010 1.132 0.062 84.420
C60G 0.041 0.008 1.009 0.049 84.484
C81F 0.124 0.031 7.663 0.155 79.738
C81G 0.049 0.010 0.958 0.058 83.598
C83A 0.035 0.008 1.206 0.043 82.317
C83B 0.075 0.015 0.925 0.090 83.231
C83C 0.033 0.005 0.872 0.038 85.833
C83J 0.040 0.008 0.335 0.048 84.106
C91E 0.045 0.008 1.398 0.052 85.489

QCs is more likely to have a greater influence on peak runoff, 
and hence on MAR.  Urbanisation may change the hydrological 
response of a catchment (in terms of extreme events like storms 
or floods), increasing damage or hazard to property, infrastruc-
ture, etc. For any hydraulic system (e.g., a dam) located in these 
QCs, sound planning in terms of safety evaluation and risk 
assessment should be carried out.

In general, for a specific drainage region, it was observed that 
if an urbanised QC has the highest URB, its marginal entropy 
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TABLE 5
Entropy values computed for the Western Cape drainage region

Quaternary  
Sub-catchment

HUA
(dB)

HNUA
(dB)

URB
(Mm3)

H
(dB)

HUA
%

G10C 0.068 0.013 0.787 0.081 83.531
G10D 0.027 0.005 0.491 0.033 83.521
G10M 0.018 0.003 0.488 0.021 85.989
G21B 0.071 0.015 0.691 0.086 82.460
G21E 0.031 0.005 0.403 0.037 85.333
G21F 0.070 0.015 0.603 0.085 82.292
G22A 0.094 0.022 1.157 0.115 81.273
G22B 0.076 0.017 0.418 0.093 81.997
G22C 0.159 0.056 4.231 0.215 73.969
G22D 0.151 0.047 3.466 0.198 76.411
G22E 0.157 0.052 3.939 0.209 75.081
G22F 0.118 0.029 0.383 0.147 80.453
G22G 0.099 0.023 0.609 0.122 81.181
G22H 0.145 0.042 2.767 0.188 77.433
G22J 0.146 0.042 1.321 0.188 77.511
G22K 0.121 0.030 0.449 0.151 80.115
G40B 0.075 0.015 0.328 0.090 83.231
G40H 0.105 0.025 0.580 0.130 81.134
H10C 0.045 0.010 0.312 0.054 82.297
H10D 0.072 0.015 0.228 0.087 82.623
H10H 0.079 0.017 0.481 0.095 82.421
H20H 0.122 0.030 0.337 0.152 80.168
H40J 0.036 0.008 0.186 0.044 82.812
J21A 0.025 0.005 0.300 0.030 81.957
J33F 0.040 0.008 0.281 0.048 84.106
J35A 0.048 0.010 0.510 0.057 83.297
K10A 0.068 0.013 0.367 0.081 83.531
K10B 0.038 0.008 0.175 0.045 83.273
K30B 0.132 0.035 1.052 0.167 78.950
K30C 0.108 0.026 1.041 0.134 80.627
K50B 0.046 0.010 0.408 0.055 82.648
K60G 0.046 0.010 0.406 0.055 82.648
K90F 0.047 0.010 0.512 0.056 82.981

was also the highest or close to the highest value for that drain-
age region. For instance, for Limpopo-Olifants (primary drain-
age region I), A21C had both the highest value for marginal 
entropy (due to urbanisation) and the highest value for URB. For 
Vaal (primary drainage region II), C22B had its URB value closer 
to the maximum value of URB (8.10 Mm3) for the drainage 
region. For Western Cape (primary drainage region IV), G22C 
had both the highest value for marginal entropy (due to urbani-
sation) and the highest value for URB. For Eastern Escarpment 
(primary drainage region VI), U20M had its URB value closer to 
the highest value of URB (13.50 Mm3) for the drainage region. 
For Eastern Cape (primary drainage region V), M20A had the 
highest value for URB for the region. Higher values of URB relate 
to relatively greater hydrological uncertainty for urbanised QCs, 
since the change in MAR is relatively high. Decision-makers, 
such as water resource managers, urban planners, etc., should set 
good management plans for further urbanisation. Nonetheless, 
the uncertainty in these urbanised QCs approximates to 53% of 
the maximum uncertainty.

The relationship between URB and marginal entropy due to 
urbanisation of QCs was investigated, as shown in Figs. 4 to 9. 

These figures reveal that this relationship in the South African 
context was linear, polynomial and logarithmic, with general 
forms as given below.

 HUA = a∙URB + b            (11)

 HUA = a ln URB + b          (12)

 HUA = a∙URB3  + b∙URB2 + c∙URB + d         (13)

where: 
a, b, c and d are coefficients determined by curve fitting
HUA and URB are as defined previously.

Eqs. (12) and (13) are logarithmic and polynomial functions, 
respectively. These equations show that the land use variabil-
ity (entropy) rapidly increases for low-runoff values in QCs. 
Small changes in runoff may lead to relatively high changes 
in entropy. For relatively high runoff values, there is a slow 
increase in entropy. Eq. (11) suggests that land-use variability 
(entropy) increases uniformly with respect to runoff. 
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From Figs 4 to 9 it can be observed that, generally, the 
greater proportion of URB values are below 5 Mm3 for most 
primary drainage regions, except the Vaal,  which has a quasi-
uniform spread of URB values. Hence, for most QCs in drain-
age regions other than the Vaal, the rate of change in entropy 
due to urbanisation is relatively high. 

While the rest of the drainage regions can be described by 
a single function, the QCs in the Vaal drainage system can be 
described by both linear and polynomial functions. However, 

the polynomial function (R2 = 0.83) describes the relation-
ship between entropy and URB slightly better than the linear 
function (R2 = 0.81). Hence, Eqs. (11) to (13) suggest that the 
increase in runoff (hence MAR) in QCs due to urbanisation 
(URB) is related to the hydrological uncertainty or entropy. 
When entropy approaches its highest value (0.16 dB), the 
increase in runoff due to urbanisation (URB) for QCs may 
significantly contribute to the level of hydrological uncer-
tainty. Hence, due to this maximum uncertainty, it would be 

TABLE 6
Entropy values for the Eastern Cape region

Quaternary Sub-
catchment

HUA
(dB)

HNUA
(dB)

URB
(Mm3)

H
(dB)

HUA
%

M10C 0.062 0.013 1.041 0.076 82.399
M10D 0.105 0.026 1.622 0.131 80.169
M20A 0.159 0.058 7.572 0.217 73.359
P40A 0.053 0.012 0.764 0.064 82.157
Q30D 0.013 0.003 0.087 0.016 81.630
Q30E 0.030 0.005 0.183 0.035 84.786
R20D 0.036 0.008 0.343 0.044 82.812
R20F 0.112 0.027 1.890 0.139 80.360
R20G 0.144 0.042 1.503 0.186 77.271
R30F 0.095 0.022 1.258 0.116 81.470
R40A 0.022 0.003 0.174 0.025 87.777
S31F 0.082 0.018 0.906 0.101 81.713
S32C 0.022 0.003 0.209 0.025 87.777
T12C 0.040 0.008 0.437 0.048 84.106
T40G 0.073 0.017 1.523 0.090 81.379
T52M 0.026 0.005 0.375 0.031 82.783

y = 0.0343ln(x) + 0.0644
R² = 0.7769
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Figure 5
Entropy vs. increase in MAR due to urbanisation for Vaal Drainage region 

(linear function)

y = ‐0.0013x2 + 0.0268x + 0.0125
R² = 0.8268
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Figure 6
Entropy vs. increase in MAR due to urbanisation for Vaal drainage region 

(polynomial function)

y = 0.0396ln(x) + 0.1019
R² = 0.5801
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Figure 7
Entropy vs. increase in MAR due to urbanisation for Western Cape drainage 

region (logarithmic function)

Figure 7
Entropy vs. increase in MAR due to urbanisation for  

Western Cape drainage region (logarithmic function)

Figure 4
Entropy vs. increase in MAR due to urbanisation for Limpopo  

Olifants drainage region (logarithmic function)

Figure 5
Entropy vs. increase in MAR due to urbanisation for  

Vaal Drainage region (linear function)

Figure 6
Entropy vs. increase in MAR due to urbanisation for  

Vaal drainage region (polynomial function)
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TABLE 7
Entropy values computed for the Eastern Escarpment drainage region

Quaternary Sub-
catchment

HUA  
(dB)

HNUA
(dB)

URB
(Mm3)

H
(dB)

HUA
%

U10J 0.018 0.003 0.305 0.021 85.989
U20E 0.035 0.008 0.736 0.043 99.889
U20J 0.110 0.027 6.220 0.138 82.317
U20M 0.160 0.060 10.244 0.219 80.154
U30B 0.126 0.034 2.938 0.160 72.781
U30D 0.061 0.013 0.698 0.074 78.743
U40B 0.026 0.005 0.480 0.031 81.970
U40J 0.035 0.008 0.202 0.043 82.783
U60C 0.041 0.008 0.629 0.049 82.317
U60D 0.154 0.050 3.944 0.204 84.484
U60E 0.084 0.018 1.599 0.103 75.523
U60F 0.154 0.084 1.340 0.219 82.087
U70B 0.135 0.008 13.197 0.042 82.087
U70F 0.034 0.050 0.502 0.204 61.733
U80A 0.057 0.012 0.535 0.068 81.783
V12G 0.046 0.010 1.105 0.055 75.508
V31B 0.023 0.005 0.563 0.028 83.175
V31D 0.017 0.003 0.265 0.020 99.889
V31J 0.092 0.022 2.383 0.114 82.648
V31K 0.093 0.022 1.453 0.114 81.025
V32B 0.036 0.008 0.972 0.044 84.830
V32C 0.053 0.012 1.726 0.064 81.069
V32E 0.035 0.008 1.340 0.043 81.172
V60E 0.033 0.005 0.815 0.038 82.812
W12E 0.035 0.008 0.531 0.043 82.157
W12F 0.136 0.038 7.426 0.173 82.317
W12J 0.047 0.010 1.099 0.056 99.960
W13A 0.038 0.008 0.580 0.045 85.833
W13B 0.041 0.008 0.489 0.049 99.937
W21A 0.041 0.008 0.606 0.049 99.889
W21C 0.020 0.003 0.199 0.023 99.960
W21D 0.034 0.008 0.754 0.042 82.317
W32H 0.026 0.005 1.806 0.031 78.251
X22J 0.065 0.013 0.644 0.078 99.955
X23F 0.035 0.008 0.581 0.043 82.981

y = 0.0363ln(x) + 0.0818
R² = 0.8423
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Figure 8
Entropy vs. increase in MAR due to urbanisation for Eastern Cape drainage region 

(logarithmic function)
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Figure 9
Entropy vs. increase in MAR due to urbanisation for the Eastern Escarpment 

drainage region (polynomial function)

Figure 9
Entropy vs. increase in MAR due to urbanisation for the  

Eastern Escarpment drainage region (polynomial function)

Figure 8
Entropy vs. increase in MAR due to urbanisation for  

Eastern Cape drainage region (logarithmic function)

wise for decision makers to pay attention to safety evaluation 
of water infrastructures situated in these QCs. 

It was observed that the nature of the abovementioned 

equations (i.e. linear, logarithmic and polynomial functions) 
linking entropy and URB is not uniquely linked to hydrologi-
cal, physiographic and geological characteristics of the selected 
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QCs in the different drainage regions. For instance, QCs in 
Limpopo–Olifants, Western Cape and Eastern Cape drainage 
regions are all described by a logarithmic function, while QCs 
in the Eastern Escarpment and Vaal drainage regions are better 
described by a polynomial function. Nonetheless, it has been 
established that the change in MAR due to urbanisation (URB), 
which incorporates the MAP values, is linked to entropy and 
MAR may be influenced by hydrological, physiographic and 
geological characteristics of the QCs. 

Relationship between hydrological risk and entropy

As outlined previously, the notion of risk is associated with 
entropy (e.g. Singh, 2000; Li et al. 2012; Patera, 2001). In this 
section, the Pieter Wright Dam (situated in the Vaal Drainage 
region) is used to establish the existing relationship between 
return period (annual hydrological risk of failure) and entropy. 
Secondly, the same dam is considered to demonstrate the rela-
tionship between entropy and risk of failure for water supply, by 
assuming urban development (urbanisation) around the catch-
ment area of the dam. Consequently the reliability of the dam 
with respect to entropy can be derived in both situations. 

Risk of failure due to flooding and entropy

According to WR90, the Pieter Wright Dam falls in the hydro-
logical region named Hydrozone: II-C (Midgley et al., 1994). 
Hydrozone II-C storage–draft–frequency curves were therefore 
used for this specific dam (refer to Fig. 3). The total storage of 
a dam is comprised of live storage and reserve. For the Pieter 
Wright Dam, live storage can be assumed to be 2 Mm3 (77% 
of full dam capacity) and the reserve 33% of full dam capacity. 
Using storage–draft–frequency curves for 45% gross draft for 
Pieter Wright Dam, the following can be obtained: 
•	 [Live storage/Net MAR] X 100 = 200/9.9 = 20% (Live storage 

as % of MAR) 
•	 For T = 5 years, there is no increase in storage since the ref-

erence is 2 Mm3 and at T = 10 years, the increase in storage 
in terms of MAR is 1.4 Mm3. 

•	 Hence for different return periods T (recurrence intervals) 
and risks of failure of the dam due to flooding, the compu-
tation of entropy can be summarised as in Table 8.

If the increases in MAR are considered to be equivalent to 
increases in runoff due to urbanisation (URB), Eq. (11) and Fig. 
5 for the Vaal drainage region can then be used to correlate the 
return period (risk of failure of flooding) with entropy. Entropy 
calculations for different URB values are summarised in Table 
9, which shows the connection between hydrological risk (reli-
ability) and entropy. This relates to the argument that risk due 
to flooding relates to entropy (Singh, 2000). It should be noted 
that for T = 5 years, increase in MAR = 0, therefore URB = 0.

From Table 9, the entropy values increase with the return 
period, but decrease with the annual risk of failure due to 
flooding (defined earlier as the probability of occurrence or 
the inverse of return period), according to Eq.(3). Extreme 
events, such as floods, generally characterised by low prob-
abilities of occurrence (or risk of failure of the dam), are asso-
ciated with relatively high uncertainty values (entropy) (Fig. 
10). Hence, high values of URB are associated with longer 
return periods, or low probabilities of occurrence of flooding 
(risk of failure of the dam). In other words, the frequency of 
large increases in MAR is low relative to the frequency of low 
increases in MAR; i.e., floods are usually associated with low 

probabilities of occurrence and may lead to severe damages or 
losses. Conversely, the reliability, defined earlier as the inverse 
of risk of failure (e.g. ability of dam to cope with flooding), 
increases with entropy (Fig. 11). Tanyimboh et al. (2011) 
obtained a similar correlation between entropy and reliability 
for a hydraulic water network distribution. For different T val-
ues, the increase in entropy (uncertainty) ranges from 30% to 
55% of the highest entropy value. Since urbanisation increases 
entropy, decision-makers and urban planners should pay 
attention to flood planning and management during urbani-
sation. The above results should be understood within the 
limits of Eqs (3) and (4). 

Risk of failure of water supply and entropy

In South Africa, an average annual urban growth of 2% is 
considered acceptable, according to the World Bank. It is 
worth mentioning that this urban growth is usually associated 
with increased water demand (Ma et al., 2012), and therefore 
an increase in gross drafts in terms of water supply. Using 
Hydrozone: II-C storage–draft–frequency curves for the Pieter 
Wright Dam, a gross draft (50% MAR) would correspond to 
26% live storage (as % of MAR). For T = 5 years, there is a 6% 
increase in MAR corresponding to 0.6 Mm3. Calculations of 
increases in storage (as summarised in Table 10) can therefore 

TABLE 8
Values showing relationships between return period,  

risk of failure and increase in runoff
T = return 
period (years)

R = Risk (of failure due 
to flooding)

URB (increase in runoff 
due to urbanisation) (Mm3)

10 0.1 (10%) 1.4
20 0.05 (5%) 2.5
50 0.02 (2%) 3.8
100 0.01 (1%) 4

TABLE 9
Values showing relationships between return period,  

risk of failure, increase in runoff and entropy
T = return 
period 
(years)

R = Risk (of 
failure due to 

flooding)

URB (increase 
in runoff due to 

urbanisation) (Mm3)

Entropy  
(x 10-2 dB)

10 0.1 (10%) 1.4 4.68
20 0.05 (5%) 2.5 6.42
50 0.02 (2%) 3.8 8.47
100 0.01 (1%) 4 8.79
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Relationship between risk of failure, return period and entropy for Pieter Wright Dam 

in quaternary catchment C22H (45% draft)
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Pieter Wright Dam in quaternary catchment C22H (45% draft)
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be carried out for different recurrence intervals (risks of fail-
ure) of the dam not supplying/meeting the water demand. 
More water should be stored in order to meet the new demand. 
Alternatively, water transfer between dams within Vaal region 
and other drainage regions could be envisaged, since the cur-
rent dam could not cater for this draft.  

Similarly to the previous case, Eq. (11) developed for the 
Vaal Region can then be used to correlate the return period (or 
probability of failure of water supply due to urban growth) with 
entropy. Hence for different risks of failure of water supply due 
to urban growth, the values of entropy as well as reliability are 
obtained as shown in Table 11.

Results in Tables 10 and 11 are similar to the results 
depicted in Tables 8 and 9. Accordingly, Fig. 12 shows that 
hydrological risk (defined earlier as probability of failure of the 
water system or the inverse of the return period) decreases as 
entropy increases. A similar observation was made for entropy 
associated with average daily values of damage caused by water 
supply deficiencies (Patera, 2001). Hence, the annual risk due to 
urban growth is generally associated with relatively high gross 
drafts that can lead to an increase in entropy (uncertainty) of 
the water supply system not meeting the demand. Conversely, 
reliability, defined earlier as the inverse of annual risk (e.g. 
ability of the dam to meet the water demand), increases with 

entropy (Fig. 13). The strong correlation observed between 
reliability and entropy is similar to observations made by 
Tanyimboh et al. (2011) for a hydraulic water distribution 
network.

Entropy measures involved in this study show a connec-
tion with urbanisation. Urbanisation increasingly impacts on 
hydrological response (Zhou et al., 2013). However entropy 
does not provide information on how activities should be 
carried out or implemented during management/planning for 
further urbanisation. In addition, entropy does not indicate 
mechanisms of recovery for a system that could fail due to 
flooding or not meeting the water demand.

CONCLUSIONS

The concept of entropy has the potential to assist decision mak-
ers/urban planners to assess the level of uncertainty associated 
with urbanisation, which impacts on hydrological characteris-
tics of watersheds. This preliminary study shows that informa-
tion can be used to measure spatial variability of land use (i.e. 
urbanised areas and non-urbanised areas). Entropy (hence 
degree of uncertainty) generally increases with change in 
runoff due to urbanisation (URB) for hydrological quaternary 
catchments (QCs) of South Africa. Urban areas in South Africa 
contribute more to entropy than non-urban areas do. For these 
QCs, the relationships between entropy and URB were better 
described by linear, polynomial and logarithmic functions. No 
connection was established between the nature of these func-
tions and the characteristics of QCs, such as hydrology, geol-
ogy, physiographic conditions, etc. 
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Relationship between entropy and reliability for Pieter Wright Dam in 

quaternary catchment C22H (45 % draft)

TABLE 10
Values showing relationships between return period, risk of 

failure and increase in runoff
T = return 
period (years)

R = Risk (failure of 
supply)

URB (increase in runoff 
due to urbanisation)

(Mm3)

10 0.1 (10%) 2.2
20 0.05 (5%) 3.7
50 0.02 (2%) 5.7
100 0.01 (1%) 6.4

TABLE 11
Values showing relationships between return period, risk of 

failure, increase in runoff and entropy
T = return 
period 
(years)

R = Risk (failure 
of supply)

URB (increase 
in runoff due to 

urbanisation)
(Mm3)

Entropy  
(x 10-2 dB)

10 0.1 (10%) 2.2 5.63
20 0.05 (5%) 3.7 8.32
50 0.02 (2%) 5.7 11.48
100 0.01 (1%) 6.4 12.58
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Figure 11
Relationship between entropy and reliability for Pieter Wright  

Dam in quaternary catchment C22H (45 % draft) 

Figure 13
Relationship between reliability and entropy for Pieter Wright  

in quaternary catchment C22H (50 % draft)

Figure 12
Relationship between risk of failure, entropy and return period  
C22H Pieter Wright dam in quaternary catchment (50 % draft)
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The annual risk (probability of occurrence or the inverse 
of return period) of flooding due to urbanisation (as illustrated 
through Pieter Wright Dam) decreases as entropy increases. 
Hence the reliability of the dam increases. Good manage-
ment of dam operation is required. The annual risk of failure 
(probability of failure) for the water supply system (Pieter 
Wright Dam) decreases as entropy increases. Hence, relatively 
high gross drafts associated with urban growth are related to 
increases in entropy related to the water supply system not 
meeting the demand. The reliability (inverse of the annual 
risk) of water supply is highly correlated with entropy, which is 
associated with change in runoff due to urbanisation.  Entropy 
computations indicate that sound planning and management 
of water resources is required for further urbanisation so that 
adverse hydrological impacts can be minimised. However, 
entropy as a concept does not provide information on how a set 
of measures should be taken and implemented for future urban 
development.

This study was based only on WR90 data and did not include 
the temporal variability aspect of both urbanised and non-
urbanised areas. Further work should include this aspect. Dams 
other than Pieter Wright Dam should be investigated. It would 
be interesting to extend the current study to data from the latest 
water resources assessment (WR2005) as well as the updated 
national land cover (i.e. NLC2009; Van den Berg et al., 2008). 
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Appendix 1
Quaternary sub-catchment information extracted from Appendix 8  

(Midgley et al., 1994)
Quaternary 
sub-catchment

Catchment 
area
(km2)

Urban area 
(UA)
(km2)

UA
(%)

Impervious 
area
(%)

MAR
(Mm3)

MAP
(mm)

C11B 535 14 2.5 0.3 35.4 705
C11F 929 14 1.5 0.2 56.3 705
C11M 795 12 1.5 0.2 34.1 637
C12D 898 21 2.4 0.3 53.3 667
C21D 446 122 27.4 3.3 16.1 698
C21E 628 59 9.4 1.1 21.7 691
C21F 427 12 2.9 0.3 16 704
C22A 548 86 15.8 1.9 17.3 695
C22B 391 121 30.9 3.7 12.4 691
C22C 465 90 19.3 2.3 14.3 684
C22D 345 47 13.5 1.6 11.3 701
C22E 532 45 8.5 1 14.9 669
C22F 440 91 20.6 2.5 10.7 655
C22H 454 31 6.8 0.8 9.9 639
C22J 669 141 21.1 2.5 14 633
C22K 434 80 18.5 2.2 10.2 644
C23D 510 115 22.5 2.7 15 664
C23E 850 18 2.1 0.3 16.4 631
C23H 451 22 4.9 0.6 10.6 604
C23K 396 8 2 0.2 13.9 607
C23L 1 211 11 0.9 0.1 43.4 612
C24A 839 11 1.3 0.2 30.9 584
C24H 840 48 5.7 0.7 5.9 576
C25B 1 888 19 1 0.1 6.0 509
C31F 1 787 19 1.1 0.1 10.2 477
C32D 4 134 21 0.5 0.1 20.4 442
C33A 2 855 36 1.3 0.2 15.4 432
C42J 1 014 89 8.8 1.1 25.7 530
C43B 723 42 5.8 0.7 3.3 495
C51L 2 029 76 3.7 0.4 1.3 350
C52B 949 21 2.2 0.3 36.9 563
C52F 688 81 11.7 1.4 16.3 514
C52G 1 789 158 8.9 1.1 43.9 481
C52J 1 922 78 4 0.5 3.8 456
C52L 2 404 41 1.7 0.2 1.4 377
C60D 645 23 3.6 0.4 15.1 550
C60G 782 20 2.6 0.3 16.4 537
C81F 688 104 15 1.8 89.8 892
C81G 435 14 3.3 0.4 24.4 722
C83A 746 16 2.1 0.3 31.5 692
C83B 251 16 6.2 0.7 8.7 668
C83C 828 16 1.9 0.2 25 641
C83J 222 5 2.5 0.3 8 641
C91E 1 507 43 2.9 0.3 2.4 371
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