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Theoretical solution for analysis and design of hydraulic  
jump on corrugated bed
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ABSTRACT
A hydraulic jump mainly serves as an energy dissipator downstream of hydraulic structures. For analysis and design of a 
hydraulic jump on a corrugated bed, the specific energy curve was used: the maximum possible amount of energy dissipation 
of the hydraulic jump, the minimum possible value of sequent depth for the hydraulic jump, and efficiency of energy 
dissipation of a smooth hydraulic jump are theoretically related to the inflow Froude number. A wide range of existing 
experimental data from hydraulic jumps on smooth and corrugated beds was also used. Results of this study indicate that the 
energy dissipation of a hydraulic jump on a corrugated bed is mainly influenced by horizontal distance from the sluice gate 
section to the start point of the corrugated bed. To reach the maximum value of energy dissipation (i.e., minimum value of 
subcritical sequent depth) and the minimum value of jump length, the corrugated bed should start from the gate opening.   

Keywords: hydraulic jump, corrugated bed, energy dissipation, specific energy curve, sluice gate 

* To whom all correspondence should be addressed. 
 e-mail: jahan_mohamadzadeh@yahoo.com
Received 18 November 2017, accepted in revised form 25 September 2018.

A hydraulic jump is a phenomenon caused by a change in flow 
regime from supercritical to subcritical, with a considerable 
amount of energy dissipation and a rise in flow depth. It mainly 
serves as an energy dissipator to dissipate the excess energy of 
supercritical flow downstream of spillways, sluice gates, drops, 
etc. A hydraulic jump formed in a smooth bed rectangular 
horizontal channel is usually named a classical hydraulic jump 
(Peterka, 1958; Rajaratnam, 1967; Hager, 1992). Subcritical 
sequent depth ratio of classical jump y2* /y1 can be related to the 
inflow Froude number F1 by the Bélanger equation (Hager and 
Bremen, 1989):
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Hydraulic jumps have been extensively studied because 
of their frequent occurrence in nature and their use as an 
energy dissipator in outlet works of hydraulic structures 
(Carollo et al., 2007). A hydraulic jump can cause damage to 
the downstream bed and bank of the channel by a process 
of continuous erosion and degradation. In order to reduce 
the destruction caused by a hydraulic jump, larger energy 
dissipation along the hydraulic jump is required (Chern 
and Syamsuri, 2013). However, based on Chanson (2004), to 
avoid instabilities induced by near-critical flow condition, the 
Froude number of flow downstream of the hydraulic jump 
should not exceed 0.7. One method to increase dissipation 
of energy is to use a rough bed such as a corrugated bed. 
A hydraulic jump on a rough bed was first investigated by 
Rajaratnam (1968), who found that the jumps on rough beds 
were significantly shorter than the classical jumps.

For a hydraulic jump on a corrugated bed (Fig. 1), the 
corrugations act as depressions in the bed, to create a system 
of turbulent eddies which might increase the bed shear 
stresses (Ead and Rajaratnam, 2002). The toe of the jump 
usually adjusts at the start point of the corrugated bed. 

Influences of corrugation shape (triangular, trapezoidal, 
rectangular and sinusoidal), relative wave steepness t/s and 
roughness height t/y1 on hydraulic parameters of created 
jumps on corrugated beds have been studied by Ead and 
Rajaratnam (2002), Tokyay (2005), Yadav et al. (2007), 
Abbaspour et al. (2009a), Elsebaie and Shabayek (2010) and 
Samadi-Boroujeni et al. (2013), while influence of xc on jump 
properties has not yet been studied.

It can be concluded from these studies of hydraulic jumps 
on corrugated beds that if jumps were located on corrugated 
beds, there would be significant reductions in the required 
tailwater depth and jump length. The reason for the small 
required tailwater depth when creating a hydraulic jump on a 
corrugated bed is the increase in bed shear stresses, which can 
be attributed to the friction and exchange of momentum flux 
between the main flow and eddies trapped in the corrugations 
(Yadav et al., 2007). To avoid cavitation danger on corrugated 
beds, the crests of the corrugations should be at the level of 
the upstream bed that carries the supercritical flow and they 
should not protrude into the flow (Ead and Rajaratnam, 2002). 
The bottom shear stress in the sinusoidal corrugated beds is 
larger than that in triangular, trapezoidal and rectangular 
corrugated beds. This is the main reason for decreasing the 
length of jump for the sinusoidal corrugated bed (Chern and 
Syamsuri, 2013). Additionally, based on Mohammadzadeh-
Habili et al. (2016), rounding the crest surface can reduce 
or eliminate the length of separation zone and reduce the 
cavitation danger. As a result, a corrugated bed with rounded 
corrugations, such as a sinusoidal corrugated bed, is preferred 
to the other shapes of corrugated beds. Results of Abbaspour 
et al. (2009a) indicate that t/s and t/y1 do not have a significant 
effect on different parameters of the hydraulic jump, including 
the sequent depth ratio, relative jump length and relative 
energy dissipation. This is due to the fact that the corrugations 
acted more like cavities and the influence of their dimensions 
is not important (Yadav et al., 2007).

To evaluate and design hydraulic jumps on a corrugated 
bed, the maximum possible amount of energy dissipation by 
hydraulic jump ΔEmax and therefore minimum possible value 
of sequent depth for hydraulic jump y2min for a given y1 are 
required. Despite the numerous studies of hydraulic jumps on 
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corrugated beds, analytical expressions of ΔEmax and y2min have 
not yet been identified.

To study the effects of xc on properties of hydraulic jumps 
on a corrugated bed, to determine the maximum possible 
amount of energy dissipation, to determine the minimum 
possible value of required tailwater depth achievable by using 
corrugated bed, and to determine the optimum value for 
sequent depth of hydraulic jump on corrugated bed, this study 
uses a wide range of existing experimental data from hydraulic 
jumps on smooth and corrugated beds. Experimental data are 
then analysed by using the specific energy curve.

MATERIAL AND METHODS

Theoretical considerations

To evaluate the performance of a hydraulic jump on a 
corrugated bed and to design the geometry of the corrugated 
bed, maximum possible amount of energy dissipation and 
minimum possible value for sequent depth are required. 
Based on the specific energy curve (Fig. 2), when the sequent 
depth of the hydraulic jump is equal to critical depth yc, the 
maximum possible amount of energy dissipation and therefore 
the minimum possible value of sequent depth will be achieved. 
Using Fig. 2, the general equation for the relative maximum 
possible amount of energy dissipation of a hydraulic jump can 
be expressed as:
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where E1 is the upstream specific energy of the hydraulic jump. 
Relative energy dissipation of the hydraulic jump is usually 
expressed based on inflow Froude number F1. To relate ΔEmax/E1 
to F1, the definition of inflow Froude number F1=V1/(gy1)

1/2 is 
used and y1 is expressed as:
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As yc
3 = q2/g, flow depth y can also be related to yc and 

Froude number F as:
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where V is the mean velocity of flow; q is the discharge intensity; 
and g is the acceleration due to gravity. Eq. 4 is applicable for 
relating y1 to F1 and also for relating y2 to F2. Substituting y1 from 
Eq. 4 into Eq. 3 and simplifying, yc/E1 is related to F1 as:
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Substituting yc/E1 from Eq. 5 into Eq. 2, the general 
equation for the relative maximum possible amount of energy 
dissipation of the hydraulic jump is derived as:
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The relative energy dissipation of a classical (smooth) 
hydraulic jump can also be related to F1 as (Kim et al., 2015):
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(7)

Defining the ratio of ΔE/ΔEmax as the efficiency of energy 
dissipation of hydraulic jump, efficiency of energy dissipation of 

Figure 1 
Hydraulic jump on sinusoidal corrugated bed, t = the corrugation height from crest to trough; s = the wavelength of corrugations; 

 and xc = horizontal distance from the sluice gate section to the start point of corrugated bed

Figure 2
Identifying the total dissipated energy by classical jump ΔE* and the 
maximum possible amount of energy dissipation for hydraulic jump 

ΔEmax on specific energy curve
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smooth hydraulic jump η*(%) can be obtained by dividing both 
sides of Eq. 7 by Eq. 6 as:
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(8)

To obtain an equation for the minimum possible value of sequent 
depth, both sides of Eq. 3 are divided by yc and then inversed as:
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Replacing yc/E1 from Eq. 5 into Eq. 9 and taking into 
account that y2min = yc, the general equation for the minimum 
possible value of sequent depth for hydraulic jump is:
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            (10)

Based on specific energy curve, increase in energy 
dissipation leads to reduction in subcritical sequent depth of 
hydraulic jump. Due to the large energy dissipation, occurrence 
of near-critical flow downstream of a hydraulic jump on a 
corrugated bed is possible. Near-critical flows are characterized 
by a specific energy only slightly greater than the minimum 
specific energy and by a Froude number close to unity (i.e., 0.7 < 
F < 1.5 typically) (Chanson, 2004). Such flows are unstable and 
they should be avoided downstream of hydraulic structures, 
because any small change in bed elevation and roughness 
induces a large variation of flow depth. Given these explanations, 
reaching the maximum possible amount of energy dissipation 
is not suitable. To avoid near-critical flow downstream of the 
hydraulic jump, the Froude number of downstream flow should 
be less than 0.7. As a result, the flow depth at F = 0.7 can be 
taken as an optimum value for sequent depth of hydraulic jump. 
Setting y = y2opt and F = 0.7, y2opt is obtained from Eq. 4 as:
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Dividing both sides of Eq. 11 by Eq. 4 and setting y = y1 and 
F = F1, y2opt is related to F1 and y1 as:
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y

y
=  
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Details of experimental data

In this study, existing experimental data for hydraulic jumps on 
smooth and sinusoidal corrugated beds are used. Experiments 
for these studies were conducted on horizontal rectangular 
channels and hydraulic jumps were created downstream of the 

vertical sluice gates. Experimental data for hydraulic jumps 
on a smooth bed are taken from Hager and Bremen (1989), 
Wu and Rajaratnam (1996), Abbaspour et al. (2009a) and 
Wang and Chanson (2015). Experimental data for hydraulic 
jumps on sinusoidal corrugated beds are also taken from Ead 
and Rajaratnam (2002), Tokyay (2005), Yadav et al. (2007), 
Abbaspour et al. (2009a) and Elsebaie and Shabayek (2010). 
The flow channel section of the experiments in these studies is 
illustrated in Fig. 1. Corrugation geometry and flow conditions 
of the experimental data for hydraulic jumps on sinusoidal 
corrugated beds are also presented in Table 1.

RESULTS AND DISCUSSION

In Fig. 3, the energy dissipation of hydraulic jumps on 
a sinusoidal corrugated bed is compared with that of 
corresponding jumps on a smooth bed (the curve of Eq. 7 
and experimental data from Hager and Bremen, 1989; Wu 
and Rajaratnam, 1996; Abbaspour et al. (2009a); Wang and 
Chanson, 2015) and the curve of maximum possible limit of 
energy dissipation (the curve of Eq. 6).

As can be seen from Fig. 3, a very good agreement 
is observed between the energy dissipation data for a 
smooth hydraulic jump with the curve of Eq. 7. For similar 
inf low Froude numbers, energy dissipation of a jump 
on a sinusoidal corrugated bed is greater than that on a 
smooth bed. Due to the large friction between the main 
f low with the channel bed and the transfer of momentum 
f lux between the main f low and eddies trapped in the 

TABle 1
Geometry and test conditions for hydraulic jumps on sinusoidal corrugated bed 

Reference xc (cm) t/s t/y1 F1

Ead and Rajaratnam (2002) 2 0.191 and 0.324 0.26–0.51 4.0–10.0
Tokyay (2005) 343 0.20 and 0.26 0.6–1.2 5.3–12.3
Yadav et al. (2007) 2 0.107–0.583 0.02–0.76 1.8–7.0
Abbaspour et al. (2009a) 200* 0.286–0.625 0.32–1.67 3.6–8.6
Elsebaie and Shabayek (2010) 0 0.277 0.36 and 0.72 3.0–7.5
*This distance is cited by Abbaspour et al. (2009b)

Figure 3
Energy dissipation of hydraulic jumps on a sinusoidal corrugated bed 
compared to those of corresponding jumps on a smooth bed and the 

maximum possible limit of energy dissipation.
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corrugations, energy dissipation of a jump on a corrugated 
bed is larger than that on a smooth bed. For similar values 
of F1, relative energy dissipation for a hydraulic jump on 
a sinusoidal corrugated bed is mainly inf luenced by xc. 
With reducing xc, ΔE/E1 increases and the approximately 
maximum possible amount of energy dissipation is achieved 
when xc = 0 cm (data from Elsebaie and Shabayek, 2010). 
As presented in Table 1, wave steepness value of corrugated 
bed t/s, relative roughness height t/y1 and inf low Froude 
number F1 of experimental data from hydraulic jumps on 
a sinusoidal corrugated bed are approximately in the same 
ranges. The main difference between the experimental data 
is the horizontal distance from the sluice gate section to 
the start point of corrugated bed xc. In the experimental 
method of Elsebaie and Shabayek (2010), the corrugated bed 
started from the gate section. Based on Resch et al. (1976), 
the maximum velocity on the bed surface of supercritical 
f low downstream of gates occurs at the gate section. With 
increasing xc from zero, velocity at the bed surface becomes 
equal to zero and in the vicinity of the bed surface velocity 
reduces (refer to Fig. 1). For xc = 0, the larger velocity at the 
bed surface leads to larger momentum exchange between the 
main f low and eddies trapped in corrugations. Therefore, 
starting the corrugated bed from the gate section leads to 
maximum energy dissipation.

In Fig. 4, the sequent flow depth ratio for hydraulic jumps 
on a sinusoidal corrugated bed is compared with those of 
corresponding jumps on a smooth bed (the curve of Eq. 1 and 
experimental data from Hager and Bremen, 1989; Wu and 
Rajaratnam, 1996; Wang and Chanson, 2015), the curve of 
minimum limit of sequent flow depth ratio (the curve of Eq. 10) 
and the curve of optimum value for sequent depth ratio (the 
curve of Eq. 12).

It follows from Fig. 4 that for similar inflow Froude 
numbers, the sequent depth ratio for hydraulic jumps on a 
sinusoidal corrugated bed is smaller than that on a smooth 
bed. Based on the specific energy curve (Fig. 2), increase in 
energy dissipation leads to a reduction in sequent flow depth 
of hydraulic jump. For similar values of F1, sequent flow depth 
ratio y2/y1 for a hydraulic jump on a sinusoidal corrugated bed 
is mainly influenced by xc. As a result of xc having the same 
value, the sequent depth ratio data from Ead and Rajaratnam 
(2002) and Yadav et al. (2007) can accurately be fitted by a 
single curve. With reducing xc, y2/y1 reduces. For xc = 0 (data 
from Elsebaie and Shabayek, 2010), sequent flow depth ratio 
data are approximately fitted along the curve of Eq. 12. Due to 
the large energy dissipation, some data points are placed in the 
near-critical flow region. To avoid near-critical flows, normal 
depth of flow downstream of the corrugated bed should be 
equal to or slightly larger than y2otp.

Figure 5 shows the efficiency of energy dissipation η(%) 
of hydraulic jumps on smooth and sinusoidal corrugated 
beds against inflow Froude number F1. Efficiency of energy 
dissipation from largest to smallest is observed as follows: 
(i) approximately 100% efficiency of energy dissipation on a 
sinusoidal corrugated bed when xc = 0 cm; (ii) a sinusoidal 
corrugated bed when xc = 2 cm; (iii) a sinusoidal corrugated bed 
when xc = 200 and 343cm; and (iv) a smooth bed.

In Fig. 6, the relative jump length Lj/y2* of hydraulic 
jumps on a sinusoidal corrugated bed is compared with that 
of corresponding jumps on a smooth bed. For similar inflow 
Froude numbers, the length of a created jump on a sinusoidal 
corrugated bed is significantly smaller than that on a smooth 
bed. Minimum length of jump occurs on a sinusoidal corrugated 

Figure 4 
Sequent flow depth ratio for hydraulic jumps on a sinusoidal corrugated 

bed compared to those of corresponding jumps on a smooth bed, the 
optimum value of sequent flow depth ratio and the minimum limit of 

sequent flow depth ratio

Figure 5 
Efficiency of energy dissipation of hydraulic jumps on a  

sinusoidal corrugated bed compared to that of corresponding  
jumps on a smooth bed

Figure 6 
Comparison of relative jump length of hydraulic jumps on a sinusoidal 

corrugated bed with that of corresponding jumps on a smooth bed
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bed when xc = 0 cm (data from Elsebaie and Shabayek, 2010). In 
this case, the jump length is smaller than 2.55y2*.

In the experimental setup of Ead and Rajaratnam 
(2002) and Elsebaie and Shabayek (2010), variation of flow 
depth along the length of supercritical flow is eliminated 
by rounding the gate edge (see Fig. 1). Experimental data 
of Wang and Chanson (2015) validates that this measure 
leads to uniform flow depth before the jump. When 
supercritical flow exits under a sluice gate with a sharp edge, 
a contraction section will occur just below the gate and 
after that supercritical flow depth will gradually increase. 
The maximum value of F1 will occur at the contraction 
section. When xc is large, as in the work of Tokyay (2005) 
and Abbaspour et al. (2009), the depth of the supercritical 
stream at the start of the jump will be larger than that just 
below the gate. As a result, for hydraulic jumps adownstream 
of sharp-edged gates, F1 is dependent on xc. Due to negligible 
energy loss, the specific energy along supercritical flow 
before the jump E1 and therefore relative critical depth 
yc/E1 are approximate constant values. Therefore, unlike 
F1, yc/E1 is not significantly influenced by xc. For analysis of 
energy dissipation on labyrinth weirs, yc/E1 is also used by 
Mohammadzadeh-Habili et al. (2018). Using the available 
experimental data in the literature, the relative energy 
dissipation of hydraulic jumps on smooth and sinusoidal 
corrugated beds is shown against the relative critical 
depth (Fig. 7). For comparison, maximum limit of energy 
dissipation (Eq. 2) is also plotted in Fig. 7. The curve of 
relative energy dissipation of a hydraulic jump on a smooth 
bed is also plotted by combining Eq. 5 with Eq. 7.

It follows from Fig. 7 that starting the corrugated bed from 
the gate section (xc = 0) leads to the maximum value of energy 
dissipation. For similar values of F1, relative energy dissipation 
of hydraulic jump on a sinusoidal corrugated bed is larger than 
that of corresponding jumps on a smooth bed. Additionally, for 
hydraulic jumps on sinusoidal corrugated bed, ΔE/E1 increases 
with decrease in xc. These results validate the results of Figs 3 
through 5.

CONCLUSIONS

Using the specific energy curve, the relative maximum 
possible amount of energy dissipation of a hydraulic jump 
and the minimum possible value of sequent flow depth 
ratio for a hydraulic jump are theoretically related to the 
inflow Froude number. Using the obtained equations and 
existing experimental data in the literature, the performance 
of hydraulic jumps on sinusoidal corrugated bed has been 
evaluated. Results indicated that energy dissipation, sequent 
flow depth and jump length of hydraulic jumps on corrugated 
beds are mainly influenced by the horizontal distance from 
the head gate opening to the start point of the corrugation 
bed xc. For large values of xc, the influence of a corrugated bed 
on increasing the energy dissipation and therefore reducing 
the sequent flow depth of a hydraulic jump is not very great, 
while for xc = 0, the maximum value of energy dissipation and 
therefore the minimum value of sequent flow depth can be 
achieved. Additionally, starting the corrugated bed from the 
head gate section stabilizes the situation of the initial depth of 
the hydraulic jump at the gate opening. To avoid near-critical 
flows, normal depth of flow downstream of the corrugated bed 
should be equal to or slightly greater than 1.27yc. The results 
obtained from the present study are useful for the design of 
corrugated bed geometry.
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