Multi-grid Beam and Warming scheme for the
simulation of unsteady flow in an open channel
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Abstract
In this paper, a multi-grid algorithm is applied to a large-scale block matrix that is produced from a Beam and Warming
scheme. The Beam and Warming scheme is used in the simulation of unsteady flow in an open channel. The Gauss-Seidel
block-wise iteration method is used for a smoothing process with a few iterations. It is also shown that the governing
equations determine the type of prolongation and restriction operators for the multi-grid algorithm.
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Introduction
Unsteady flow is of great interest to hydraulic engineers. Such
flows can be described by the Saint-Venant equations which
consist of equations for conservation of mass and momentum.
The Saint-Venant equations are also non-linear hyperbolic
partial differential equations. However, a general closed-form
solution of these equations is not available, except for certain
special simplified conditions, and they must be solved using
an appropriate numerical technique. Among different numerical methods, the implicit finite-difference method and finite
element method have been widely
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The discretisation of partial differential equations leads to
very large systems of equations. For 2-dimensional problems,
several 10 thousands of unknowns are not usual, and in 3 spatial dimensions more than 1 million unknowns can be reached
very easily. Therefore, iterative methods like Jacobi or GaussSeidel relaxations have been used. Nevertheless, the main
defect of iterative methods is that these will work very well in
a few iterations, but after that these methods will be converged
slowly. Multi-grid algorithms will solve this problem (Bramble
and Pasciak, 1987; Tavakoli and Kerayechian, 2007; Tavakoli,
2010). Multi-grid methods are the fastest known methods for
the solution of the large systems of equations arising from the
discretisation of partial differential equations (for more details
see Bramble, 1993).

Governing equations
The governing equations based on the conservation of mass
and momentum for 1-dimensional unsteady open-channel
flow in a prismatic channel of arbitrary cross-section can be
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expressed as (see Abbott, 1979; Chaudhry, 1993; Chow, 1959
for details):

U F

S 0
or
Ut  Fx  S  0
t x
where:
t represents time
x represents longitudinal distance
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where:
A is the cross-sectional area of flow
u the velocity, g the gravitation acceleration
Fh the hydrostatic pressure force term
Sf the friction slope, and S0 the bed slope
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The friction slope is computed by the Manning formula:
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where:
nc is the Manning coefficient
R the hydraulic radius.
The hydrostatic pressure force term may be expressed as:		
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where:
h is the flow depth
η the integration variable indicating distance from channel
bottom
W(η) the water-surface width at distance η from the channel
bottom
The hydrostatic pressure force term for rectangular and trapezoidal channels becomes:

zh 3
1
Fh  bw h 2 
															(5)
2
3

229

